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Abstract

Many biological and optimal materials, at multiple scales, consist of what can be idealized as
continuous bodies joined by structural interfaces. Mechanical characterization of the microstructure
defining the interface can nowadays be accurately done; however, such interfaces are usually
analyzed employing models where those properties are overly simplified. To introduce into the
analysis the microstructure properties, a new model of structural interfaces is proposed and
developed: a true structure is introduced in the transition zone, joining continuous bodies, with
geometrical and material properties directly obtained from those of the interfacial microstructure.
First, the case of an elliptical inclusion connected by a structural interface to an infinite matrix is
solved analytically, showing that nonlocal effects follow directly from the introduction of the
structure, related to the inclination of the connecting elements. Second, starting from a discrete
structure, a continuous model of a structural interface is derived. The usual zero-thickness linear
interface model is shown to be a special case of this more general continuous structural interface
model. Then, a gradient approximation of the interface constitutive law is rigorously derived: it is the
first example of the analytical derivation of a nonlocal interface model from the microstructure
properties. The effects introduced in the mechanical behavior by both the continuous model and its
gradient approximation are illustrated by solving, for the first time, the problem of a circular
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inclusion connected to an infinite matrix by a structural interface and subject to remote uniform
stress.

© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

There are many mechanical problems involving interfaces joining different parts of a
continuous body. These transition zones are often characterized by well-defined
microstructures: in Pinctada nacre, fibrils of organic matrix bridge the platelet lamellae
(detail (A) of Fig. 1); a truss-like structure made of glass fibers bridges a crack in a short
glass-fiber-reinforced polypropylene (detail (B) of Fig. 1); craze fibrils bridge the two bulk
polymer surfaces at a crack tip in polystyrene (detail (C) of Fig. 1); in the meninges
surrounding the human brain, trabeculae connect the subarachnoid space with the pia
mater (detail (D) of Fig. 1); in a palm petiole, the relatively dense vascular bundles are
distributed throughout a ‘web’ of parenchyma cells (detail (E) of Fig. 1). Currently, the
possibility to produce artificial material with this type of microstructure is being studied:

Fig. 1. Examples of structural interfaces in nature: (A) Pinctada nacre (figure from Jackson et al., 1988); (B) short
glass-fiber-reinforced polypropylene (taken from Geers, 1997); (C) crack tip in polystyrene (taken from Xiao and
Curtin, 1995); (D) meninges surrounding the human brain (adapted from Kahle and Frotscher, 2002); (E) cross-
section of a palm (chamaerops humilis) petiole (taken from Gibson et al., 1995); (F) pyrolyzed wood infiltrated
with Si (courtesy of Dr. L. Esposito, ISTEC CNR, Faenza, Italy).
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Fig. 2. A model of a structural interface.

for example, the process of ceramization of wood (Esposito et al., 2004) is employed to
obtain porous components where the microstructure of the starting material is replicated
in the ceramic component (detail (F) of Fig. 1). In solid mechanics, discrete structures
joining continuous bodies can be found in cracks bridged by fibers (Rubinstein, 1994) and
in the description of atomic interactions in both contact and fracture mechanics (Movchan
et al., 2003; Gao et al., 2001).

Usually, mechanical interfaces are analyzed by employing the concept of a zero-thickness
imperfect interface, based on the transmission conditions

[aﬂn:()’ 6+n=g([u]), (1)

where n is the unit vector normal to the interface, ¢ is the stress tensor, u is the
displacement vector, 6T is the stress on one side of the interface, g denotes a vectorial
function of the displacement jump, and [ - ] denotes the jump operator, defined as

Lfl=r"=r, Q)

in which 4+ and — denote the two sides of the interface. When the function g is linear and
positive-definite, the formulation greatly simplifies, but it then allows unphysical
interpenetration of the material in contact (when the interface is subject to compressive
tractions). Interfacial nonlinearity may be introduced to model different situations of
interest [see, for instance, applications in: fragmentation and decohesion (Camacho and
Ortiz, 1996; Needleman, 1992; Rice and Wang, 1989), interactions between inclusions
(Levy and Hardikar, 1999), bifurcation (Radi et al., 1999), composites (Levy and Dong,
1998; Lipton and Talbot, 2001), biomechanics (Mann et al., 1997; Gei et al., 2002)] and
may avoid the interpenetration by the introduction of a suitable penalty in compression.
Recently, efforts have been made to provide models of thick interfaces, where the
boundary value problem consisting of a three-phase configuration is replaced by a problem
which involves only two phases plus some matching condition simulating the interphase
(Benveniste and Miloh, 2001; Hashin, 2002; Rubin and Benveniste, 2004).

Mechanical interfaces are characterized by a finite thickness and structural properties,
which are often overly simplified by the above model, Egs. (1). To provide more realistic
models of thick interfaces, Bigoni and Movchan (2002) have suggested modelling the
interface as a truly discrete structure. In particular, they introduced the concept of a
structural interface which possesses a finite width and specific mechanical properties (see
the sketch in Fig. 2, specialized to two-dimensional deformations for simplicity). Not only
does this permit capturing the precise structure of the actual interface, the incorporation of
a specific structure in general introduces nonlocal effects, and these follow from the model
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in a natural and rational way.” In other words, while a zero-thickness interface model is
phenomenological, a structural interface provides a direct description of the relevant
microstructure. The model proposed by Bigoni and Movchan (called ‘BM-model’ in the
following®) defines a quasi-local interface in the sense that nonlocality is confined to the
joining of opposite points on the interface. The BM-model is generalized in the present
paper to incorporate the full nonlocality induced by a generic truss structure joining two
continuous media, in general not at directly neighboring locations. For simplicity, the
continuous media are modelled as homogeneous, isotropic, linear elastic materials and
loaded on their boundaries (Fig. 2). In this discrete/continuum problem, a difficulty arises
in describing the contact between the structure and the elastic media. This is overcome by
working with mean values of displacements and tractions at the joints and assuming that
the joints are characterized by a given, small dimension. Following this approach, the
problem can be analytically* tackled.

The paper is organized as follows. The governing equations for a structural inter-
face are introduced in Section 2. In Section 3, the problem of an elliptical inclusion
connected by a structural interface to an infinite medium loaded by a uniform remote
stress is analyzed. It is shown that this case can be solved analytically, and it permits
us to systematically investigate the effects of the interfacial nonlocality. Starting from a
discrete structure, a continuous model of a structural interface and its gradient
approximation are rigorously derived in Section 4, thus providing the first exa-
mple of analytical derivation of a gradient model. The particular case of a circular
inclusion is analytically solved both with the structural interface and with its gradient
approximation, allowing a rigorous comparison between the two models. These solutions
represent the first two-dimensional closed-form solutions to a problem involving a
nonlocal interface.

The solution of the problem of an elliptical inclusion in an infinite elastic matrix permits
analysis of possible neutrality (the inclusion does not perturb the ambient field) and of the
effective properties of dilute composites containing inclusions having structural interfaces.
Treatment of these problems is deferred to Part II of this article.

2. Governing equations for a structural interface

Two elastic continuous bodies connected by a structural interface represent a model of a
multistructure, namely, an elastic multidimensional body. These types of structure are very
common in many fields of engineering and have recently received much attention (Ciarlet
et al., 1989; Ciarlet, 1990, 1997; Puel and Zuazua, 1993; Argatov and Nazarov, 1994;
Conca and Zuazua, 1994; Kozlov et al., 1999, 2001).

2Zero-thickness nonlocal interfaces could obviously be introduced, but the nonlocality would enter the
formulation in a purely phenomenological way.

3The ‘smeared BM-model’ will denote the thick interface characterized by constitutive equations (10) and (11)
of Bigoni and Movchan (2002) with null shearing stiffness, sy = 0, whereas ‘discrete BM-model’ will indicate a
thick interface with purely radial bars.

“The proposed approach can be easily implemented via a boundary element technique, which has been used to
check all analytical solutions presented in this paper. The numerical technique will be presented elsewhere.
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Fig. 3. Two elastic bodies connected by a filamentary structure.

Inspired by the above formulations, a simple model for the analysis of two-
dimensional multistructures is developed below.” This is based on the following
assumptions.

® Solid/structure junctions: As illustrated in Fig. 3, let us denote by Q= and Q1 (with
boundary Q™ and 0Q™, respectively) the two continuous linear elastic two-dimensional
bodies connected by the structural interface. The jth junction between a bar and the
continuous body is represented by a contact region w]i on 0Q*,

wF =00* N B, p), 3)

where B(xji, p) is the disk of radius p centered at x/i and =+ stands for either + or —. In
addition, it is assumed that 0QF possesses continuous curvature near xi, so that there
exists a class > function

v]:'t : [_5/981] - wj:'ta Xi = v]:t(f)a (4)

mapping the segment [—¢;, ;] into the contact region w,i and transforming ¢ = 0 into
the point x7°, so that

xji = vf(O). %)

At the junction, the load is transmitted as if the bar were a ‘linear, filamentary structure’
connecting the junctions of central points x; and X, defined by the direction specified
by the unit vector e{,;, with components {cos o), sin o}, where oy denotes the angle
between the filament /j and the x;-axis of an arbitrary reference system. In addition, we
introduce for later use the function (o)), so that points on the opposite sides of the
interface connected by a bar are related via

Xi =X 4 logy)e,). .

The traction t" transmitted at the /-junction is assumed to be a linear function of the bar
elongation, so that

() — + - - + o -
Y(x7) = kgpla(x™) —u(x7)) - g le), X7 € oy, X7 €, @)
SThis will be explained assuming for simplicity that the rods of the truss structure describing the interface

connect the two solids directly. The extension to the situation in which there are intermediate nodes in the
structure is straightforward.



K. Bertoldi et al. /| J. Mech. Phys. Solids 55 (2007) 1-34

where k) is the stiffness coefficient of the filament connecting points x* and x~. In
addition, the equilibrium of the filament /j requires that
t'(xH) = —¥(x), x e, x ¢ o; . (8)
Since in a junction M different bars can converge, each characterized by a stiffness k)
and inclination o, Eq. (7) is replaced by
M
t(x7) = Z kp[(u(x™) — u(x7)) - e 1e(,), X" € o), X~ €o;. )
h=1
The boundary value problem: The stress field ¢ in the continuous elastic bodies (in the
absence of body forces) satisfies

dive(x) = 0, x € QF,
M
a(xM)n(x*) :j; kapl(u(x™) — u(x7)) - ef; lez)» xt € of X" €0,
M
s(xIn(x7) = 3 kgplu(x™) — u(x")) - € 1ely x* e of X~ € o],
h=1
N
prescribed tractions or displacements on 0Q* U wj ,
=1

(10)

where n is the outward unit normal to the boundary of the two connected bodies and ¢ is
an integer ranging between 1 and the number of junctions N, possibly taking different
values on 0Q" and 0Q . Note that the displacements, and therefore the tractions
transmitted by the interfacial structure to the continuous bodies at the junctions, have
an initially unknown distribution.
Problem formulation in terms of averaged tractions and displacements at the junctions: A
simplification of problem (10) is pursued here by working with averaged quantities at the
junctions between bars and bodies. To this purpose, we introduce the averaged tractions
and displacements at junctions as (here the superscript + is omitted for conciseness)

1 1 [ ,
6= o [ 0= [ ymold
|| S lw; J e, :
J )j 7 J

1 e ,
W= T /w , u(x) = o [ , u(v;(0)Vi(0)l de, (11

so that the boundary value problem (10) is replaced by
dive(x) =0, X € QF,
M
o(xn(xt) = zl ke[ —07) - ey Jely, xt € of,
Jj=
- (12)

M
o(x)n(x") = hzl ke[ —07) - ey lefy), X~ € oy,

g=1

N
prescribed tractions or displacements on 69*\ < U wi>,
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where the initially unknown traction distributions over the junctions is replaced by a
uniform distribution. Since we will replace the solution of problem (10) by the solution of
the simpler problem (12), a digression is now needed to comment on the difference between
the two solutions. In particular, we assume that the size of the junction zones is small when
compared to the dimension of the connected bodies, so that these zones ‘contract’ onto the
points X;. It can then be shown (Appendix A) by employing results due to Mises (1945),
Sternberg (1954) and Gurtin (1972) that the elastic energy evaluated by solving (10) differs
from that evaluated by solving (12) by terms 0(512).

Problem (12) is employed as the basis for analyzing structural interfaces. We proceed as
follows:

e The solutions in the jointed bodies Q* for uniform traction distributions over the
junction regions wy, is constructed, so that the displacements at the junction points u(xy,)
are written as functions of the (for the moment unknown) uniform tractions t(x;)
applied at joint regions and of the prescribed ‘external’ boundary conditions.

e The conditions of equilibrium of all the nodes of the truss structure defining the
interface are imposed. To this purpose, Eq. (12), is employed to enforce equilibrium for
the nodes located at the junctions with the solid bodies, whereas for nodes internal to
the structure, equilibrium is imposed using classical methods of structural mechanics.
All tractions at junctions and normal stresses within the bars are obtained in this way.

3. Analytical solution for an elliptical inclusion connected by a structural interface to an
infinite medium

In order to apply the methodology described in Section 2 to the problem of an elliptical
elastic inclusion connected by a structural interface to an infinite elastic sheet, we need
some preliminary results. These are the three solutions corresponding to

e a sclf-equilibrated but otherwise arbitrary distribution of uniform loadings acting on
separated portions of an elliptical elastic disk;

e a self-equilibrated but otherwise arbitrary distribution of uniform loadings acting on
separated portions of an elliptical hole in an infinite elastic sheet;

@ an elliptical hole in an infinite elastic sheet, loaded by a remote uniform stress.

The solution to the third problem above is well known and can be found in Muskhelishvili
(1953), whereas we were unable to find solutions of the first two problems in the literature.
Therefore, we have solved the first two problems in Appendices B and C by employing the
Kolossoff-Muskhelishvili (1953) complex potentials ¢(z) and (z). In terms of these
potentials, the general solution to plane equilibrium problems for homogeneous, isotropic
linear elastic materials can be expressed in polar components as

2u(uy + iug) = ¢ V[k(2) — 2¢'(2) — (),
O + 09 = 4Re[q,’>’(z)],
009 — Oy + 21009 = 26729 (2) + Y/ (2)], (13)
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where z = x| 4+ ix, = rel’, prime denotes derivative with respect to a function’s argument,
overbar denotes complex conjugate, k = 3 — 4v for plane strain and x = (3 — v)/(1 + v) for
plane stress, and u and v are the shear modulus and the Poisson ratio, respectively. When
tractions t are prescribed on the boundary, the boundary condition can be written as

B +2¢' () + Y () = ) +if, (14)

where, for s denoting arc length along the boundary,

Fi4ify =i / (1) + iha(s)] ds. (15)

Let us consider the complex plane z where the elliptical inclusion is represented by an
ellipse of semi-axes « and b. It is well known that the function w({), that conformally maps
the region interior to an ellipse into a disk, is very complicated. Following Muskhelishvili
(1953) it is expedient to introduce the analytic function

z=w() = R<C+rg>, (16)
where
R:a+b a—>b (17)

2 m:a—i—b'

This function conformally maps the region corresponding to an elliptical inclusion in the z-
plane slit along the major axis of the ellipse between +1/a?> — b* to an annulus in the (-
plane, having unit external radius and internal radius equal to /m. The actual physical
problem of a loaded elliptical inclusion is obtained from this slit inclusion by enforcing
continuity of the analytic functions across the slit (sece Appendix B). Note that 0<m<1
and the limiting values 0 and 1 correspond to a circular and a line inclusion, respectively.
The same function (16) maps the region external to the ellipse into the region external to
the unit circle.

Employing the conformal mapping (16) and taking for { the polar form

{ = pelf, (18)
Eqgs. (13)-(14) give

e The displacement components

200 (O)l(uy + itg) = —w 7O |k - (f)) 5O -¥0). (19)
® The stress components
G + 000 = 4Re[B()].
2
Gon — O + 120 = % 2500 + OO (20)

o/'(0)
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where
6 YO
W= TO=10 @1
® The boundary conditions
$(0) + 2L §(0) + ¥(0) = F(o), (22)

/(o)

where ¢ = e denotes a point on the unit circle p = 1 and F(o) is determined at the
boundary of the unit circle from the known values f| + if, specified in the z-plane on
the boundary of the ellipse, Eq. (15).

i

3.1. Solution for an elliptical inclusion subject to uniform loadings distributed over portions
of its boundary

An elliptical inclusion is considered, with N uniform tractions having normal and
tangential components p, and sy, respectively, acting on the portion z; z} of its boundary,
see Fig. 4. The resultant of all the loads acting on the inclusion is assumed to be zero. Since
the complex functions ¢({) and Y({), representing the solution of the problem, are
holomorphic in the circular ring limited by the radii p.,, = | and p;,, = /m, they can be
represented as Laurent series

+00 I
pO =Y alt, (1 —)w(o > ot (23)
k=—00 k=—00

The complete derivation of the coefficients a;, and b, appearing in Eq. (23) is given in
Appendix B yielding

/_11 — I’l’l/_l_l
ay = ——=—
TR0 —my)
_keem—m™) = Gm —m™ (24)
kz(m —m1)? — (mk —mk)?’ '
b = A_j — mA__y — mFay + m"3an — (k + 2)axsr — mkay,
P,
z-plane Xob 8, 4ay C-plane
Py gaamin- -/ ,
e RN ﬁ§
L L B
\ A i K\ \
Y _6}'*2'\‘ 77!;‘[;':
LR
Pu

Fig. 4. Elliptical inclusion with N applied uniform normal and tangential traction distributions in the z-plane, and
its conformal mapping in the {-plane. The slit is not shown in the z-plane, since it is eliminated in the solution
procedure by enforcing continuity of the solution across it.
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where
- A
=A% (25)
m
and
A = Li(p +1is,,) i(z’e’ikﬂ; Zhe By e M [i(b + ak)cos B
k= ' Z w W g w k2 ] w
e—ikBy;
—(a+ bk)sin ] — 21 [i(b 4+ ak)cos B, —(a+bk)sinf ] ». (26)

When the inclusion is circular, so that m =0, and loaded by an arbitrary number of
distributed, uniform tractions, the solution has a closed form given by

RE , o o
(0 = — ﬂ;(pk +isOllBr — B + 2 —Olog(l —e Q)
— 2" — )log (1 — e i),
N SRt .
Y = iZ{ZSkC(efiﬂ’: — e )+ 25 — (ipg + sw)e ]
2l i
x log (1 — 7k {) — 25 — (ip + si)e ™ (log(1l — e 1)), @7)

In the limiting case of applied concentrated forces, obtained by letting the arc z; z; tend to
zero while increasing the magnitude of the load in such a way that

(pk + iSk)|ZZ_ — Z;| — P +1S; (28)

remains a finite quantity, Eq. (26) reduces to

1 Y i(on
- Ly i el _
A= 5 D (P +iSE % — k), *)

where 0} denotes the angle between the unit outward normal and the x;-axis at z,,.
The limiting case of a circular disk subjected to a self-equilibrated but otherwise
arbitrary system of concentrated forces can be obtained from Eq. (27) as

1 & o . N .
B0 = =3 D [P+ iS0e log(1 =) - = > (PetiS).
1 & N mif ig, 1 SN P+ 1Sk
VO = 37 2 J(Pe—iSe M log (1 e MOl - 0> G (30)

Muskhelishvili (1953) derived the solution for this particular case; Eqs. (30) are identical
with his results.
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z-plane

Fig. 5. Elliptical hole in an infinite elastic matrix with N applied uniform normal and tangential traction
distributions in the z-plane, and its conformal mapping in the {-plane.

3.2. Solution for an elliptical hole in an infinite matrix subject to uniform loadings distributed
over portions of the hole boundary

Here, we consider an infinite matrix containing an elliptical hole on which N piecewise
uniform traction distributions having normal and tangential components p, and s; act on
the parts z; z;7, see Fig. 5, and whose total resultant vanishes. The solution that is obtained
(derived in Appendix C) is a generalization of the case of an elliptical hole loaded by a
pressure on a part of the boundary treated by Muskhelishvili (1953) and reduces to his
solution in that special case; it is

_ m _af m
#0) = 2mZ<pk+uk){ ot — o7 ~FioeE (147

k

+ _
xlog(ali — g)] + z log (o), — ) — z{ log (o] — C)},

k
Y() = Z(p isk)q R ma+—ma_—llo i_p mg+l
27[1 k™ Bk k k é/ gG]: z
o 2
xlog<k g)]ﬂklog(ak—@)—zuog(ak o} “2* ")y, (31)
k

The limiting case of concentrated forces applied on the elliptical hole surface is ob-
tained by the same procedure as in the case of the elliptical inclusion (see Eq. (28)), so
that the solution for an elliptic hole subjected to N concentrated loads is obtained from
Eq. (31) as

N
B = 5D (P +iS0e% log (01— 0.
k=1
N k
O = — 5 (P~ ise 1og(ak—o+ﬁé(é+mmz(’) LSO @)

=1

where 0} denotes the angle between the unit inward normal and the x;-axis at z;. The case
of a circular hole in an infinite matrix is recovered simply by putting m = 0 and 0} = 8, in
Eqgs. (31) and (32).
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3.3. Solution for an elliptical hole in an infinite matrix subject to uniform stress at infinity
The case of an infinite elastic plane with a traction-free elliptical hole loaded at infinity

by uniform stress of components o7¥, g{5, 055 is well known. In this case the solution is
given by

m T2R
o0 =rr(c-7) -2,
WO = PR =T Tl 4 (T T+ 20T (33)
with
rlz"ﬁ:“%, Fz:ﬁé"ﬁ;d‘f‘fﬂa@ (34)

3.4. Elliptical inclusion connected to an infinite matrix by a structural interface: results

As a first example, we consider an elliptical inclusion of minor (major) semi-axis b~ (a~),
connected to an infinite matrix with an elliptical hole of minor (major) semi-axis b* (a*) by
three different structures: the discrete BM-model, a Warren truss structure, and a
hexagonal lattice structure (see Fig. 6). Besides the structure geometry and the remote
applied stress, the solution depends on

uo + + Tb
Ve, m-, _+ > > Aa
a

7 Ao Triangles Lattice
40227022

6 X elliptical M ' i‘ §%’§%

5

4 A N 023
] —O—BM ttrtrttt

3] —A— Triangles
i —&— Lattice

2—_ o . A

1 -

0 '|'|'|'|'|'|'|'|Niililiil

0 10 20 30 40 50 60 70 80

Fig. 6. Stress concentration (at point 4) for an elliptical inclusion connected to the infinite matrix by a structural
interface and loaded under uniaxial (vertical) stress, as a function of interfacial morphology and number N of
bars. The inclusion is stiffer than the matrix (1~ /u™ = 10) and vt = v~ = _%, whereas the bars are characterized by
A =0.075 for the BM-model, A = 0.075 (2sin® o) for the triangular structures and A = 0.075sin? /(1 + cos? &)
for the hexagonal lattice.
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where + (—) denotes the matrix (inclusion) properties, , the bar thickness, N the number
of bars, and the dimensionless parameter

2ut

A= (k+ + Dty )

describes the bar compliance as related to the matrix stiffness, so that A = 0 corresponds
to a rigid bar, whereas 4 = oo to a bar with vanishingly small stiffness.

The two materials forming the inclusion and the matrix have properties ¢~ /u™ = 10 and
vt =y = %, whereas the elliptical inclusion and the elliptical hole in the matrix are
characterized by m~ = % and m* = g. A uniform uniaxial stress 655 = /100 is applied at
infinity. The bars are characterized by #,/a™ = 3/1000 and A = 0.075 in the case of the
BM-model, whereas A4 = 0.075 (2sin’ «) (with o shown in the detail of Fig. 6) for the
triangular structures and A = 0.075sin’ « /(1 + cos? ) for the hexagonal lattice, providing
the same global stiffness in the radial direction. The largest stress concentration, namely,

0y, at point A, is plotted in Fig. 6 for different numbers of interfacial bars N (2N in the

SVM

=

Oz

0 02 04 06 08 1.0 12 14 16 18 20

Fig. 7. von Mises stress distribution (normalized by remote stress) for a matrix connected by a structural interface
to an elliptical inclusion, loaded by remote uniaxial (vertical) stress, as a function of interfacial morphology
(discrete BM-model left, Warren truss structure right) and density of bars (number of bars increases from top to
bottom). The inclusion is stiffer than the matrix (u~/u* =10) and vF =v~ = %, whereas the bars are
characterized by A = 0.075 for the BM-model and A = 0.075 (2sin’ &) for the triangular structures.
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case of triangles and 5N for lattice structures, but with the same global stiffness). It can be
seen from the figure that the stress concentration is greater for the discrete BM-model than
for the others, where the nonlocality introduced by the inclination of the bars decreases the
severity of the stress field. For an elliptical hole the maximum stress concentration is given
by the well-known formula

022 a

= I+25, (36)
so that in our case it is equal to 6.2, the value approached in the graphs when the number
of bars approaches zero, while for an increasing number of bars, the stress intensity tends to
an asymptotic value that depends on the interface structure type. Specifically, for high
density of bars the stress concentration at point 4 tends to 3.9 in the case of the BM-model,
1.60 for the triangular structures, and 0.97 for the hexagonal lattice.

Since there is not much difference between results obtained employing the Warren truss

structure and the hexagonal lattice, only the cases of the discrete BM-model and of the

08 10 12 14 16 18 20 22 24 26 28

Fig. 8. von Mises stress distribution (normalized by remote stress) for a matrix connected by a structural interface
to an elliptical inclusion, loaded by remote shear stress, as a function of interfacial morphology (discrete BM-
model left, Warren truss structure right) and density of bars (number of bars increases from top to bottom). The
inclusion is stiffer than the matrix (= /ut = 10) and vt = v~ = %, whereas the bars are characterized by A4 = 0.075
for the BM-model and A = 0.075 (2sin? ) for the triangular structures.
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Warren truss structure are considered in Figs. 7 and 8, where level sets of the von Mises
stress, defined as

s = [01 — 022 + (01 — 3 + (03 — 02712, (37)

with g; denoting the principal stresses, are plotted in a region near the inclusion (note that
sym has been normalized by the remote stress). Fig. 7 corresponds to uniaxial vertical
traction at infinity, while Fig. 8 corresponds to pure shear at infinity.

The figures show clearly the stress reduction caused by the interfacial structure,
which becomes increasingly important as the density of the bars increases.

Note that for shear applied at infinity the inclusion remains almost unstressed when it is
connected to the matrix by equally spaced single bars (the BM-model), Fig. 8 (left). In
closure, we emphasize that all obtained results are analytical. Furthermore, they capture
effects absent in all previous interface models: namely, the stress/deformation field effects
due to a discrete-interface structure and the great stress concentration reduction due to the
nonlocality that occurs as a direct consequence of the interface’s discrete structure.

4. Continuous model and gradient approximation to structural interfaces
4.1. Continuous model for a double Warren truss structural interface—circular inclusion

Let us consider a circular inclusion of radius R connected to an infinite matrix by a
double Warren truss structure of thickness 6, as shown in Fig. 9(B). We note that the
angles o, ff, and y (see Fig. 9(A)) characterizing the interface are related as

Rsiny
R+ 56— Rcosy’

. R .
o=f+7y, f=arctan f = arcsin <R 5 sin oc). (38)
For this particular geometry, the x;-axis of the reference system drawn in Fig. 3 is chosen
coincident with the outward normal of the inclusion (therefore identified with r, whereas
the x, direction is identified by 0). Recalling from Eq. (6) that the two nodes x;” and X
connected by the filament /j are related via the function /(xy), for this particular case, the

continuous
structural
interface

Fig. 9. Smearing of a double Warren truss structure into a continuous structural interface.
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six points of the basis structural element shown in Fig. 9(A) can be easily described as
X =xp + (e (@), x5 =x; +(2)e'(—a),
X; =xg —l(@)e'(=p), x; =x5 — ()e'(p),

where for the considered geometry, the function /(o) describing the hole as seen from the
inclusion is given by

(39)

I(o) = —Rcos o+ V R>cos? o+ 2R6 + 5. (40)

In addition, we observe that there is the following correspondence between the local and
global coordinates of the six nodes of the basis structural element

x; — {R,0}, xg = {(R+9),0},
xi = (R, (O+7)), x{ = {(R+9),0+), (41)
x; = {R,(0—=7) x5 — {(R+9),(0-7),

where the angle y is shown in Fig. 9(A). In order to develop a continuous model for the
interface, one has:

® To consider a basic structural element, for instance, the truss element shown in
Fig. 9(A).

e To combine the constitutive equation for each fiber meeting at a junction to get the
structural behavior. For instance, for the geometry shown in Fig. 9(A), assuming that
all filaments are characterized by the same stiffness k, we have

t7(xg) = k4" (e (o) + A4 (—w)e,(~a)],

t7(xg) = —k[47(B)e’(B) + 4~ (=P)e"(=P)],
where t* and t~ are the tractions acting at the points x; and x; of the junctions, and we
have defined

A (@) = [u(xg + (e’ () — ulxg)] - €' (),

(42)

A (@) = [u(xg) — u(x — 1@ ()] - ¢(B) =
Introduction of Eq. (40) into Eq. (42) and using Egs. (43) and (41), yields
1f = — kcos B{2uf(0) cos p — cosofu, (0 +y) +u, (0 — )]
+ sinofuy (0 +7) — uy (0 — I,
13 = — ksin B{2u (0) sin f + cos ofu, (0 + y) — u, (0 — )]
— sinofuy (0 +7) + 1y (0 — P},
17 = kcosaf{—2u_(0)cosa + cos Blu (0 +7) + ut (0 — )]
+ sin Blu (0 +7) — ug (0 — ]},
t5 = ksino{—2uy (0) sina + cos Bu (0 + 7) — u (0 — y)]
-+ sin Blug (0 +7) + 15 (0 = )]). (44)

e To assume that an infinite number of truss elements exist, one at each point
of the interface, so that the traction/displacement prescriptions of Eq. (44) hold for
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every 0:

+ + + _ + — - — ¢
=1y, 0,9 = L, 0,=1l, 0y=10L, (45)

O-rr -

where the traction components 7= are given by Eqgs. (44). We remark that Egs. (45)
define the interface constitutive law.

It is important to note that the model of a zero-thickness linear interface, connecting a
circular inclusion to an infinite matrix, can be obtained from Egs. (45) by taking y = ¢d (¢
being a real constant) and letting § go to zero. In this particular case the angles « and f8
reduce to the same value, namely

Rsiny

=1 tan ——————
Po 550 (arc MR+ — Rcosy

) = arctan(cR), (46)
y=co

so that the constitutive Egs. (45) become

[[O-rr] = [[Gr(i]] = 0, Opp = krﬂ:ur]a Or) = kﬁ[”ﬁ]a (47)
where
2k 2kc?R?
= k= (48)
1 +¢*R 1+ c*R

These equations are identical to those used by a number of authors (see, for instance,
Bigoni et al., 1998 and references quoted therein).

4.2. Full-field solution for a circular inclusion with a continuous double Warren truss
structural interface

When an infinite matrix connected to a circular inclusion by a continuous double
Warren truss structure is loaded by a uniform stress applied at infinity, the stress and
displacement fields in both continuous bodies are derived from

T Bn7 F"’l Sl Mm
¢+(Z)=FIZ—2F27, l//+(Z)=F22+4F17—2F22—3,

¢~ (2) =4 Az — 2Bz, Y~ (2) = =202 Dz, (49)
where
ofy + 0% 055 — 0% . .
Fl:Ts F2:f+10127 (50)

and the coefficients B,,, F,,, M,,, A;, B;, and D; are determined by imposing the boundary
conditions at both sides of the interface, Eqs. (45);—(45), at r = R + 6 and Eqs. (45);—(45),
at r = R, holding for every 6. The results are

4 k(1 + k) (R+ d)u~ cosfcosa
"TARum put + 2k(R 4 S)u—cos? B+ k(x— — 1)Rutcos? a]’

po_ R+ O [—2u it + k(kt — 1)(R + d)u~cos? p — k(™ — 1)Rutcos? o]
" 2[2u ut 4 2k(R + S)pu—cos? B+ k(x— — 1)Rutcos? o] ’
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ro

B, = DR {6~ 1t cos(2B + 3y) — k[(R + S)u~ sin2Bsin 3y + 3Ru* siny sin 2a]},
6Ir'Vecoso . .
D= — —pn {ou™ ™ cos(f + 2y) + k[(R + d)u~ sin2f sin(ff — 2y)
+ Ryt sina(x™ sin(2B + 3y) — 3siny)]},
_ DR+ 0y
m — Wa

I'DR+6)*ut+
Y

— k" sin 3ysin(2f + 3y)]}, (51)

M,, = Bu(R + 6)> — {—6u" cos2f + kR[3sin(2f — y)siny

where
% = k(14 %Y (R+d)u,
DY = 6(u ) {k*k R*sin® 20 4+ 25" [kR(3 + k™) + 6 1} 4+ 27 Oyt
x {=2(—=1 =3 [kRQ3 + k™) + 1217 ] — 2'kR[3 cos(4f — 2y)
+ Kk~ cos 6y — 3(—k 1) (3cos 2y + k™ cos(4f + 69N} — 6(—kH) (I ¥)sin? 2.
(52)

In the limit case of a zero-thickness linear interface, the coefficient D) given by Eq. (52)
reduces to

DO =72t i) 4 6k kg R (1™ + 1~ )t — i (=) + 6(k, + ko) Rt ™
X [+ k7)™ =2 (=1 = 3k, (53)
whereas the coefficients given in Egs. (51) become
4= k(1 +xH)Ru~
" MAppt + K R2u 4 (k0 — Dty
_ 3RA+ 1)k, — k)t ()

Bi D(I)Rz 5
p. — RO+ Dk [op i + koR(u + k)] (54)
= D(l) b
DOR? R’
m = Fy, = _(4Al - 1)5 M, = R2(Bm + R4Bi)’

~ opM® 2
which are identical to those found by Bigoni et al. (1998).

4.3. The gradient approximation of a continuous structural interface
In the particular case of an interface comprising fibers characterized by a small

angle o, its behavior can be well captured by a gradient approximation of the interface
constitutive law. First, we assume that the fiber stiffness k is inversely proportional to
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the fibers’ length

__EA
)’
Thus, the traction transmitted from the interfacial fiber to the elastic body at x;” is a

function of the angle « and it can be expanded in Taylor series with remainder about « = 0
as

(55)

t (o) = Z;—n:t(”)’(O) + /0 | t“*”’(z)% dr, (56)

m=0

where t")~ denotes the nth derivative of t~ with respect to a.

4.3.1. The zeroth-order approximation
If we retain only the zeroth order terms in Eq. (56), where tractions are given by Eq. (9),
we get

_  EA

h =@[[u1]}, 5, =0, (57)

where the jump operator is defined as
[ quantity | = (quantity at x;” +/(0)e)y+ — (quantity at X )y-. (58)

Note that for a zero-thickness interface, the operator (58) reduces to the usual jump
operator defined in Eq. (2). Egs. (57) give the conditions analyzed by Bigoni and Movchan,
[2002; their Egs. (8) and (9) with § = 0 or their Egs. (10) and (11) for the circular geometry
with sy = 0]; we term this the smeared BM-model. When the thickness of the interface is
reduced to zero, Eq. (57) reduces to the usual linear interface constitutive law, but with
only normal stiffness.

4.3.2. The first- and second-order approximations: the gradient model
Retaining terms through first order in the Taylor series expansion (56), where tractions
are given by Eq. (9), we obtain

12_ = @[Ul]}fx, (59)

+ 4 1(0) 10)[uz ] = 1) [ 1 | + 1(0) <au1 >a=o} *

where the derivative with respect to o can be evaluated by employing the chain
rule as

ouf  Ouf Ox*
o T oxt (60)
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Retaining terms through second order in the Taylor series expansion of Eq. (56), we obtain

ou;
10 — 10 100)( =
o one] —roLw] +o(%) s
[u ]<l’(0) B "(0) > _ [u ]l’(O) <6u2)
z(O) 10y 210) 1) -
() 1O (N |,
2\ 002 » 10) \ 0 J ,_o| ~
Oou
5= +E4 0 -1 +1(0 1) ]2. 61
;= oy Lot s 10 L] ~TOLw] +10)(FE) s (61)
It is evident that Egs. (59) and (61) contain gradient terms related to the geometry
of the surfaces joined by the bars. Eqgs. (57)—(61) can be employed to develop a continuous

model for an interface following the same approach used for the continuous model of
Section 4.1.

4.4. Gradient model for a continuous double Warren truss structure—circular inclusion

In the particular case when X% and X~ are two concentric circles with radii R and R + §
connected by a double Warren truss structure (see Fig. 9) characterized by a small angle «,
Egs. (57)—(61) specialize to

® Zeroth- and first-order approximation

_ 2FA _ _
2B = =i =0 (62

e Sccond-order approximation

EA[ RGR+9) 2R (0uy
[ 1= { (R+5)2[ 1]+ R+5<aoc>

2EAR [ R du
+ _ 1 2
h=- 5(R+5)[R+5[u2]+(aa) }“’
_ EA| 3R+25 Oud o*ut
n = [Hlﬂ _M[ulﬂ+2<6;> + (auzl> ]fxz,
=0 =0

5= 24 |:[[u2ﬂ <6“01> _J 2. (63)

Note that Egs. (63) can also be derived directly from Eqgs. (44) by expressing the angles 8
and y as functions of «, taking into account that

Uy = U, CoSY — Upsiny, Uy = u,siny + uycos?y, (64)

and retaining terms through second order in the Taylor series expansion
about a = 0.
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4.5. Full-field solution for a circular inclusion with a gradient—model interface
When a homogeneous stress field is applied at infinity, the analytical solution for a

circular inclusion connected to an infinite matrix by a thick interface obeying conditions
(63) for every 0 and subjected to uniform remote stress (note that condition (62) is a

! (0] discrete
continuous

----- 2nd order

I N SO A AP |

I I N I I S

I I N i I

25

Fig. 10. Stress distribution (in components normalized by the remote stress) at r = R + 36/2 in an infinite matrix
(with a circular hole of radius R + J) connected to a circular inclusion (of radius R) by a double Warren truss
structure as a function of the angular coordinate 6, for the discrete model with a high bar density (600 truss
elements), the continuous model, and its second-order gradient approximation. A remote shear stress (5 is
applied and different bar inclinations are considered, corresponding to y = {0,7/50,7/20,7/5} (see Fig. 9(A)).
The inclusion is stiffer than the matrix (1~ /u™ = 10), vt = 0.35 and v~ = 0.2, whereas the bars are characterized
by A. = 0.077.



22 K. Bertoldi et al. | J. Mech. Phys. Solids 55 (2007) 1-34

particular case of (63)) is obtained in the same form as given by Eqs. (49). The coefficients
in Egs. (49) can be found by imposing the boundary conditions at both sides of the
interface, Eqgs. (63);—(63), at r = R + 6 and Eqgs. (63);—(63)4 at r = R, holding for every 6.
Alternatively, these coefficients can be directly obtained from Eq. (51) by retaining terms
through second order in the Taylor series expansion about o = 0.

4.6. Continuous versus discrete interface models: comparison of results

We are now in a position to compare full-field solutions for a circular inclusion
connected by a double Warren truss structure to an infinite sheet subjected to uniform far

Discrete Continuous 2™ order

Syy

05 10 15 20 25 30 On

Fig. 11. von Mises stress distribution (normalized by remote stress ¢95) for a circular inclusion connected to an
infinite matrix by a double Warren truss structure and loaded by a remote shear stress for the discrete (with high
bar density—600 truss elements, left), continuous (center), and gradient (right) models as a function of the bars’
inclination y, see Fig. 9(A). The inclusion is stiffer than the matrix (1~ /u™ = 10), v© = 0.35, and v~ = 0.2, and the
bars are characterized by A, = 0.077.
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field loading. The solutions are obtained by using: (i) the analytical discrete-interface
approach, (ii) the continuous-interface model, (iii) the interface gradient approximations of
various orders. While the first of the three above approaches is completely general, the
continuous-interface model and its gradient approximation have been developed for the
double Warren truss structure, which reduces to the smeared BM-model and to the zero-
thickness linear interface as particular cases. We assume now 6 = R/10 and u~ /u* = 10,
whereas the Poisson ratio for the matrix and the inclusion has been selected—as in Hashin
(2002)—equal to vt = 0.35 and v~ = 0.2. A uniform shear stress 655 = u* /100 is applied
at infinity.

The stress distributions obtained by employing the continuous model and its second-
order gradient approximation are compared with that obtained from the discrete model
with a large number of bars, namely, 600 truss elements. For the continuous model, the
dimensionless compliance parameter

2ut

A= (xt + DkR (65)
has been taken as A, = 0.077, so that in its gradient approximation EA has been chosen
equal to 2u™l/[A.R(xt + 1)], with / denoting the bar length, whereas in the discrete model
the bar compliance has been chosen as A = A.R/t,, with #,/R =1/1000. The stress
components (normalized by the remote shear stress) evaluated along a concentric circular
path at radius r = R + 30/2 in the matrix are plotted in Fig. 10 as a function of the angular
coordinate 6. In the graph, continuous lines denote results obtained with the continuous
model, dashed lines denote results obtained with its second-order gradient approximation,
while symbols denote results of the discrete model. The stress distribution corresponding to
the zeroth order approximation is not reported for brevity, since it is coincident with the
second-order approximation when y = 0, so that there are no gradient effects.

B /g
0221022

1.2 circular hole
1
0.8 .
i ;I O Discrete oo
0.6 B ——— Continuous T T T T T T T2
T NJ |--——-- 2" order
0.4
4 B
0.2 - 00055,
N Ve A A A

/16 /8 3n/16 /4

Fig. 12. Stress concentration for a circular inclusion connected to an infinite matrix (5/R = 0.25) by a discrete
(with high bar density—600 truss elements) and a continuous double Warren truss structure, loaded under
uniaxial (vertical) stress as a function of the angle y. The inclusion is stiffer than the matrix (u~/u™ = 10),
vi=vT = %, and the bars are characterized by A, = 0.077. Note that the second-order gradient approximation
also included gives realistic results only for y<n/16.
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In Fig. 11, the level sets of the von Mises stress (normalized by ¢{5) are plotted in a
region near the inclusion. Excellent agreement between the discrete and the continuous
model is clearly seen from the figure for any angle y, whereas the second-order gradient

model is precise only for small values of y.

Figs. 10 and 11 show another important feature, namely, that the gradient effects
completely change the stress distribution. This is evident by comparison of the von Mises
stress distribution for y = 0 (which, in other words, is a smeared BM-model) with that for

y=mn/5.

27
o7
"'.'

ek

=,
T 7

Discrete Continuous 2" order
S
00 04 08 12 16 2009z

Fig. 13. von Mises stress distribution (normalized by remote stress ¢55) for a circular inclusion connected to an
infinite matrix by a double Warren truss structure and loaded by a uniaxial (vertical) remote stress for the discrete
(with high bar density—600 truss elements, left), continuous (center), and gradient (right) models as a function of
the bars’ inclination y, see Fig. 9(A). The inclusion is stiffer than the matrix (= /u* = 10), vt = v~

bars are characterized by A, = 0.077.

= %, and the
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Finally, the stress concentration is analyzed at a circular hole of radius R + ¢ containing
a circular inclusion of radius R so that §/R = 0.25, in an infinite sheet loaded by a uniaxial
stress ¢35 = /100 at infinity. Results are reported in Fig. 12 for material properties
vt =v~ =1 and p~/ut =10, and bars characterized by thickness #,/R = 1/1000 and
compliance A, = 0.077. As in the example above, for the discrete structural interface 600
truss elements have been employed. Cases corresponding to the discrete BM-model (i.e.
y = 0) and the double Warren truss structure are considered together with the continuous
model and its second-order gradient approximation. It can be noted that the gradient
model gives a good approximation of the stress distribution for y smaller than /16,
whereas for larger values of the angle it becomes inaccurate. The stress concentration is
strongly influenced by the angle y (and thus «): increasing the opening of the truss structure
causes a larger stress redistribution.

Continuing with this example, the level sets of the von Mises stress for the discrete
model, the continuous model, and its second-order gradient approximation are reported in
Fig. 13. Also in this case good agreement between the three different models can be
observed for y smaller than 7/20, whereas for y = n/5 the gradient model is no longer
reliable.

In closure, we emphasize that the analytical solution for a circular inclusion connected
to an infinite matrix by a continuous double Warren structure has been obtained.
Furthermore, for a structural interface with bars characterized by a small angle o, the
gradient approximation of the constitutive law has been derived, characterized by an
analytical representation simpler than that of the continuous model. This is the first
example of the analytical derivation of a nonlocal interface model. Finally, we note that a
gradient model of the type illustrated here would be especially useful in situations where an
exact solution is not possible.

5. Conclusions

In this paper, a novel model of a structural interface capturing the actual physical
structure present in the interface has been derived. The model is characterized by a finite
thickness and a specific structure, providing a direct description of the relevant
microstructure. From the proposed model, nonlocality emerges in a natural, rather than
empirical, way, induced directly by the structure joining the two continuous media. The
model captures effects absent in all previous interface models including the stress/
deformation field effects due to the discrete structure and the great stress concentration
reduction due to nonlocality. Starting from the discrete model, a continuum model of a
structural interface has been derived. It is interesting to note that the usual zero-thickness
linear interface model represents a simple special case of the structural continuum model.
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Appendix A. The elastic energies evaluated solving problems (10) and (12) differ by terms of
o)
J

Taking Taylor series expansions of the displacements and tractions in Egs. (10),
and (10); about ¢£=0, we note the following relationship with the mean values

(11)
t=tx)+0), W=ux)+ 00, (A.D

so that, if the junction regions are sufficiently small, a uniform traction corres-
ponds to a uniform displacement, up to 0({’]2). Moreover, let us consider the strain
energy of a continuous elastic body connected to other bodies by a structural
interface

N
ZZ/t/(x)~11/(x)+;/mtf-u+;/aut-ﬁ, (A.2)

where 0Q, and 0Q, are, respectively, the boundary portions where the tractions t and the
displacements @i are prescribed. Introduction of the Taylor series expansion for u and t into
the first integral on the right-hand side of Eq. (A.2) yields

1 A A 1N
52 / t/(x)~u/(x)ZEZ(t/i/)ijI—FO({?). (A.3)
j=1 % Jj=

Solving problem (12) instead of (10) means that we substitute a general
traction distribution within the junction region with a uniform traction t/, so that the
discrepancy t*(x) with the actual traction distribution t(x) can be expanded in a Taylor
series as

t'(x) =t(x) —t/ = 0+ O(6%). (A.4)

at(Xj)

ot
The surface traction t*(x) has null resultant force (but possibly nonnull resultant moment)
and assume for the moment that the displacement field associated with it is 0(52)
Therefore, also the tractions induced on 0, by t*(x) are 0(52) As a conclusion, the energy
of the two problems (10) and (12) differs by terms of O(é’z)

It remains now to prove that the displacement field assomated with t*(x) applied on the
junctions is 0(512). This fact can be inferred from von Mises (1945), Sternberg (1954) and
Gurtin (1972). However, von Mises only refers to the behavior in specific cases (a half
space and a circular disk) and Sternberg and Gurtin refer to a three-dimensional setting.
For completeness, we sketch a nonformal proof of this result for the present two-
dimensional framework. The displacement at a boundary point y € Q\U/A;]wj is given by
the boundary integral equation

ug(y) = / t/(x) - ué(x — y)dx, (A.5)

)
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where ué(x —y) is the Green’s function for the solid body Q. Employing Eq. (A.4) in
Eq. (A.5) we get

4
ud(v(f) — y)£de, (A.6)
4

which expanded in a Taylor series with respect to the variable £; becomes

d _
wty) = 2 0 o), (A7)

representing the expected result.

Appendix B. Solution for an elliptical inclusion subject to uniform loadings distributed over
portions of its boundary

With reference to the problem described in Section 3.1, since the Cartesian components
of the outward unit normal to the ellipse n can be written as
_ dX2

n — and n——%
' ds 2T T ds

the boundary conditions on the portions of the boundary where tractions are applied can
be written as

(B.1)

i(f) + ify) ds = (pj, + is) dz, (B.2)
so that
0, 0<p<py
n—1
T+, +im)[R(o+2) = 5], By <p<Bin=1...N
Fo)={ o (B.3)
T, B <B<Py, n=1,...,N—1
0, By <B<2m,
where
zk = R(6* + mo™"),
0 n n
T=0 and T=) (e +is)cf —z;) for n#0. (B.4)

k=1
In the limiting case of a concentrated load, since (see Eq. (28))
(e +isEE — 2) = (P + 1S, (B.5)

where 6} denotes the angle between the unit outward normal and the xj-axis at z,
Eq. (B.3) reduces to

0, 0<p<pr
F(O')Z Zi(Pk'i‘iSk)ei()za ﬂn<ﬁ<ﬂn+l’ n=l,,N—l (B6)
k=1

0, By <z<2m.
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Since the complex functions ¢({) and y({) are holomorphic in the circular ring limited by
the radii p.,, = 1 and p;,, = +/m, they can be represented as Laurent series

+oo +00
dO =Y al’, wO=)Y &, (B.7)
k=—00 k=—00

convergent for /m<|{|<1. Let us consider the conformal mapping of Eq. (16) and two
generic points lying on the circle |{| = /m, inclined at f and —f with respect to the ¢;-axis.
These points correspond to adjacent points on the upper and lower slit faces in the z-plane,
so that the continuity conditions

p(vVmel) = p(v/me ), Y(/mel) = y(/me") (B.8)
hold for any f. Substitution of (B.7) into (B.8) gives
a_x = mFa,, d_j = mkd. (B.9)

Since tractions are prescribed on the boundary of the elliptical body in the z-plane,
insertion of (B.7) into the complex conjugate of Eq. (22) and multiplication of both sides
by @'/R yields

. I . ) ) +00 )
(1 =m0y >~ are™ + (7 + me’) >~ kare ™

k=—00 k=—00
+00 ) - )
+ Y e = F(1 — me™?), (B.10)
k=—00
where
+00 " m +00 .
> bl = (1 ——2>w(o= > (di — mdr)", (B.11)
k=—00 C k=—00
so that
bk = dk — mdk+2. (B.12)
Since the function F, given in Eq. (B.3), can be expanded in Fourier series as
+00 ) 1 2n .
F= Y 4", with 4 =~ / Fe *Pqp, (B.13)
2n
k=—00 0
yielding
1 & i - Lo kB
Ay = sz::l(pw +is,) E(Z;e—lk/fw — remikBl) 4 pEa li(h + ak)cos B
o—ikBy;
—(a+ bk)sin ] — W[i(b + ak)cos 8, — (a+ bk)sin 8] ., (B.14)
the right-hand side of Eq. (B.10) can be rewritten as
+00
F(l—meP)y = " (A —md_;_y)e". (B.15)

k=—o00
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Thus, insertion of Eq. (B.15) into Eq. (B.10) and equating terms of equal order yields

a_j —ma_j_y + (k + a2 + mkay + by = A_j —mA_j_», (B.16)
which, since @_; = m*a, and @_,_, = m**2a@,», can be rewritten as

am* — G om® 3 4 (k + 2)ag 42 + mkay + by = A —mA_;_». (B.17)
Putting k = —k — 2 and observing that

boxr=d_jr—md_j = m"*dr — m"d = =" by, (B.18)
Eq. (B.16) becomes

resr — may — ka_x — m(k + 2)a_j_> — m™ by = Agyr — mAy. (B.19)
It is now possible to eliminate by from Eqgs. (B.17) and (B.19), obtaining

a1 — ) + @ (m* — m™) + ka(m — m™") + (k + a2 (1 — m?)
Aryr Ax

= A_k — mA_k_2 =+ W — ]/,7’ (B20)

so that the coefficients a; can be calculated recursively when ay and a; are known. From
the recursion formula (B.20), we obtain
(@ +a)(1 —m*) = A4y —mA_, (B.21)

from which Re[a;] can be determined, whereas Im[a;] remains arbitrary. However, ay and
Im[a;] correspond to a rigid-body motion, so that both are selected equal to zero. In
addition, Eq. (B.20) shows that a,, a3 and hence all the other even coefficients do not
depend on ay and Im[a,]. Defining

1 1
cx = kay, (m - E) + Gy (mk - %) (B.22)

the recursion formula (B.20) becomes

. _ A A
k= meppr = A —mA_ o+ g =28 (B.23)
m m
so that
- A
= Ag — . (B.24)
m

A closed-form expression for @; can be found by writing the complex conjugate of
Eq. (B.22) and solving for a; obtaining

_ keg(m — m=Y) — G (m* — m™%)
K m—mY = (mk —mk)?

ay k>1, (B.25)

these coefficients, together with a;, render function ¢ known from Eq. (B.7);.
To complete the solution, namely, to evaluate function s, we may determine coefficients
by from Eq. (B.17) or (B.19) in the form

be = A_j —mA_i_s — Gm* + @ om™™ — (k + 2)ag,2 — mkay,. (B.26)
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Therefore,
1 +00 " +0o " too &
(1 — g) () = Z bil" = ZbkC + beké , (B.27)
k=—o0 k=0 k=1

is known and, since (from Eq. (B.18)) b_; = —m*~'b;_, and (from Eqs. (B.21) and (B.26))
b_y =0, it can be rewritten as

1 400 " mk+l
(1——2)w(c)=zbk(c —W), (B.28)
C k=0 é’
which together with Eq. (B.25) represents the solution of the elliptical inclusion

problem.

B.1. The particular case of the circular inclusion

The particular case of a circular inclusion of radius R subject to a
system of N equilibrated forces is analyzed. Here, the conformal mapping of Eq. (16)
reduces to

z=R(, (B.29)
since m = 0; therefore, coefficients a; in Eq. (B.25) simplify to
0 if k<O,
a = ‘j’l‘ ff k>1, (B.30)
> if k=1,

so that the function ¢ in the {-plane becomes
A] s k
=— A", B.31
(O 2“; e (B.31)

Substitution of Eq. (B.30) into Eq. (B.26) yields

0 if k<0,
b= A_j — (k4 2)Agsr if k>0, (B.32)

so that for the particular case of a circle of radius R the function ¥ reduces to

o0

YO = Ak — (k+ 2 Al (B.33)

k=1

For a circular disk of radius R, Eq. (B.14) simplifies to

IR N . i — -+ (B =+
Ay 5 Z{(pw +is,)[e KBy +By) _ o (/3\Lv+k/3w)]}’ (B.34)
w=1

T 2mk(k — 1) &
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so that Egs. (B.31) and (B.33) give the solution for a circular disk loaded by an arbitrary
number of distributed, uniform loads:

RE . o .
HO = = 3 2 ou iSO = D)+ 2~ Dlog(1 = e
—2i(e — O log(1 — e ¥i )],
N
WO = i;{zska(eiﬁk — ) 25k — g + e i ]

x log (1 — e P 0) — [25x — (ipy + se)e ¥ (log(1 — e i 1)}, (B.35)

The limiting case of a disk subject to an arbitrary system of concentrated forces can be
obtained from Egs. (B.35) as

1 Z o A N ‘
60 =~ D P +iSeM log(1 —e D)~ LS (P +iS),

1 & N g, 1 SN Py +iSk
WO = 3 2 [P —iSe M log (1 01— 200 g (B.36)

in agreement with Muskhelishvili (1953).

Appendix C. Solution for an elliptical hole in an infinite matrix subject to uniform loadings
distributed over portions of the hole boundary

To solve the problem described in Section 3.2, the conformal mapping (Eq. (16)) is
substituted into the boundary conditions (Eq. (22)), yielding

2
$(0) +0(‘1’#¢’(o) + (@) = F(o), (oA

ma?)

or in complex conjugate form

o(1 + ma?)
62 —m

$(0) + ¢'(0) + Y(0) = F(o). (C2)

Since the resultant of the applied external loads is zero (this load will be transmitted by the
structural interface at the contacts) and the stress vanishes at infinity, ¢({) and () are
holomorphic for |{| > 1, including the point at infinity. Therefore, Cauchy’s formula for the
infinite region can be employed,

L

g
2mi 1¢)=1 g _C

= —¢(), (C3)

so that multiplication of Egs. (C.1) and (C.2) by 1/[2ni(s — {)] and integration over the
contour yields

1 F(o)

27l =10 — é

() =

do, (C.4)
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and

1 o) . _ 1+mc

O e M L

¢ ©. (C.5)

The Egs. (C.4) and (C.5) have been obtained by taking into account that
1 ¢(G)

— c=0
27l dla—( ’
and
1 1+ma® ¢'(o) 1+mC
e = L )

When N constant tangential and normal loads p, and s; are applied at the boundary of the
elliptical hole, the function F(s) in Eq. (C.1) is obtained in the same way as for the elliptical
inclusion, yielding again Eq. (B.3). Introducing Eq. (B.3) into (C.4) and (C.5) and using the
facts that

% do _ aZ—C)

/g_ U—C_log<0k—C , (C.6)
% my do  _ _ m _of af —{

L; <O’+;)O__C—O'k — 0 —Zloga (C+ C) log(ﬁ), (C7)

N
%k 1\ do 1. of 1 ot —¢

mo + — =mo, —mao, —=1lo —k—i—(m +—>lo<k 0), CS8
/( a)a_c {—mop ~plos Ty (mi ) iop(B=3). ()

k

and the resultant applied force is zero, i.e.

N
> o +is)E —z0) =0, (C9)
k=1

we finally obtain the solution for an elliptical hole in an elastic matrix loaded by piecewise
constant normal and tangential tractions:

1 & . r P
$(0) = —Zm;@kmg{z{ag ot —%log%—i— (c+’2’) 10g<zk _Eﬂ

k

+ z; log (o), — ) — z{ log (o] — C)}.

1 & . I 1 L -
() = —%Z(pk —1sk){R{ma,'f — moy, —ZlogZ—ILwL (mC—i—Z) log<zz _g)]

k=1 k
&1+ mC )
02—

+2 log (o) — O — Z{ log (o] — C)} ¢'(0), (C.10)
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where ¢'({) is the first derivative of ¢ with respect to {. In Egs. (C.10), the term log o} /o}.
corresponds to i@, with @ being the angular distance between the points from o} to o},
measured counter-clockwise.
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