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a b s t r a c t

Most of the auxetic materials that have been characterized experimentally or studied ana-
lytically are anisotropic and this limits their possible applications, as they need to be care-
fully oriented during operation. Here, through a combined numerical and experimental
approach, we demonstrate that 2D auxetic materials with isotropic response can be eas-
ily realized by perforating a sheet with elongated cuts arranged to form a periodic pattern
with either six-fold or three-fold symmetry. Moreover, we also show that the auxetic be-
havior can be easily tunedby varying the length of the cuts and that it is retained evenunder
large levels of applied deformation beyond the limit of small strains. This novel, simple and
scalable design can serve as an important guideline for designing and fabricating isotropic
auxetic materials that can have a significant impact on a wide range of applications.

© 2015 Elsevier Ltd. All rights reserved.

1. Introduction

The Poisson’s ratio (ν) is the ratio of transverse con-
traction strain to longitudinal extension strain in the di-
rection of stretching force. Most materials are character-
ized by a positive Poisson’s ratio (ν > 0) and contract in
the directions orthogonal to the applied tensile load. How-
ever, in the recent years natural materials with negative
Poisson’s ratio (also called auxetic materials) have been
discovered [1–4]. Moreover, rationally designed geome-
tries and structuralmechanisms have also been reported to
achieve negative Poisson’s ratio. Examples include foams
with re-entrant ribs [5–7], chiral microstructures [8,9], ro-
tating units [10–14] and origami structures [15–17]. In all
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these demonstrations, careful design of themicrostructure
has led to effective negative macroscopic Poisson’s ratios
(ν < 0), even though the bulk materials have a positive
Poisson’s ratio. Auxetic materials are attracting increasing
interest because they are characterized by enhanced me-
chanical properties, such as increased shear modulus, in-
dentation resistance and fracture toughness [5,18], and can
achieve extremely large strains and shape changes [19].

Most of the auxetic materials that have been character-
ized experimentally or studied analytically are anisotropic
[20] and exhibit different properties depending on the
loading direction. While the anisotropy can result in larger
negative values of Poisson’s ratio [21,22], it also limits the
application of auxetic materials, as they need to be care-
fully oriented during operation. In fact, failure to orient the
structure may cause the material to exhibit a completely
different behavior from the designed one. Therefore, to en-
able practical use of auxetic materials in real applications,
it is crucial to design and develop isotropic auxetic materi-
als and structures.
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Currently, there are few auxetic materials showing
isotropic behavior. These include disordered systems such
as foams [5], randomly oriented composite laminates [23],
granularmaterials [24] and compositeswith randomly dis-
tributed inclusions [25,26]. Alternatively, to achieve bet-
ter control and tunability of the Poisson’s ratio, ordered
auxetic isotropic systems have been numerically designed,
such as hexagonal chiral honeycombs [8,9], intricate net-
works of rods, hinges and springs [27], two-phase compos-
ite materials with hexagonal symmetry [28], assemblies of
flexible frames and rigid cores [29] and systems of hard
cyclic hexamers [30]. Moreover, topology optimization has
been used to identify periodic composites with auxetic
and isotropic response [31]. Still, it remains a fundamental
challenge to design isotropic material systems with con-
trollable auxetic behavior that can be easily manufactured.

In this study, we report a new, simple and scalable ap-
proach to design and fabricate planar auxetic materials
with isotropic behavior. Our starting points are the fol-
lowing two observations: (i) sheets with periodic arrays of
elongated elliptical voids [12] and cuts [11,19,32,33] can
exhibit auxetic behavior; (ii) two-dimensional crystalline
lattices with six-fold or three-fold rotational symmetry are
transversely isotropic [34,35]—i.e. isotropic in their trans-
verse plane. Inspired by these facts, herewe investigate the
mechanical response of elastic sheets with embedded pe-
riodic arrays of elongated cuts and focus on the effect of
the degree of rotational symmetry of the pattern. Remark-
ably, our numerical and experimental results demonstrate
that 2D auxetic materials with isotropic response can be
easily realized by perforating a sheet with elongated cuts
arranged to form a periodic pattern with either six-fold
or three-fold symmetry. Moreover, we also show that the
auxetic behavior can be easily tuned by varying the length
of the cuts and it is retained even under large levels of ap-
plied deformation beyond the limit of small strains.

2. Numerical simulations

To demonstrate our approach, we start by studying the
mechanical response under uniaxial tension of elastomeric
thin sheets with a kagome (see Fig. 1(b)) and square (see
Fig. 1(c)) array of elongated cuts. The square array of cuts
has been already shown to result in auxetic response [12],
but since the patternhas four-fold symmetryweexpect the
response of the system to be anisotropic. By contrast, the
kagome pattern has six-fold symmetry, so we conjecture
its response to be both isotropic and auxetic. To test our
hypothesis we characterize themechanical response of the
systems for different orientations of the cut pattern with
respect to the loading direction, as shown in Fig. 1(b) and
(c) for θ ranging between 0° and 45°.

We start by performing numerical simulations using
the non-linear Finite Element (FE) code ABAQUS/Standard.
In all our analysis the mechanical response of the elas-
tomeric sheet is captured using a nearly incompressible
Neo-Hookean material model with initial shear modulus
µ0 and an extremely high bulk modulus K0 (K0/µ0 ≈

1000). Since all considered structures are thin and planar,
two dimensional finite-element models are constructed
using six-node, quadratic, plane stress elements (ABAQUS

element type CPS6M). The cuts are modeled as extremely
elongated rhombi (with diagonals whose ratio is chosen
to be 0.02) and the accuracy of the FE model is ensured
by locally refining the mesh around the sharp angles of
the cuts (where we use elements with edges of length
≈ L0/160). To reduce the computational cost and ensure
the response is not affected by boundary effects, we con-
sider two-dimensional, infinite periodic structures using
representative volume elements (RVEs—see Fig. 2(a) and
(b)) with suitable periodic boundary conditions [36,37].
Eachmodel is loaded uniaxially by applying a finitemacro-
scopic tensile strain in vertical direction, εyy. The macro-
scopic Poisson’s ratio with respect to the undeformed
configuration, ν, is then obtained as ν = −εxx/εyy, where
εxx is the resulting finite macroscopic strain in horizon-
tal direction. Note that alternatively for largely deformed
structures and materials the incremental Poisson’s ratio
(defined as the ratio of the partial derivatives of the two
strains) can be used to characterize their lateral expan-
sion/contraction [21,38]. The degree of anisotropy of each
model is then examined by rotating the RVE by an angle
θ , reapplying the tensile strain εyy in vertical direction and
recalculating ν. In all our analysis we vary θ through the
range [0°–180°] at intervals of 3°. Finally, we note that the
length of the cuts, l, can vary between 0 and L0, where L0
is the length at which adjacent cuts start touching. In our
simulations we vary l/L0 between 0.1 and 0.9.

The numerical results for the square and kagome
patterns are shown in Fig. 2. For each pattern we report
the evolution of the Poisson’s ratio, ν, as a function of
the orientation angle, θ , for different values of cut length,
l/L0. First, we note that for both patterns ν monotonously
decreases from 0.5 to −1 as l/L0 progressively increases.
In particular, we find that ν ∼ 0 for l/L0 ∼ 0.5. Therefore,
our results indicate that ν can be easily controlled by
varying the cut-length. Remarkably, the numerical analysis
also reveals that the response of the kagome pattern is
isotropic, since ν is not affected by the orientation of the
pattern with respect to the loading. In stark contrast, the
mechanical response of the square pattern depends on θ
and ν is found to be maximum for θ = 45° and 135°
and minimum for θ = 0° and 90°. We also find that for
the square pattern the extent of anisotropy is affected by
l/L0 and is particularly accentuated for 0.4 < l/L0 < 0.7.
Note that this is the range of cut-lengths in which we are
particularly interested, since for these intermediate values
of l/L0 the cuts can be effectively used to control ν. In
fact, for l/L0 < 0.4 the cuts do not affect significantly the
response of the structure, so that its behavior is similar to
that of the homogeneous elastic sheetwith ν ∼ 0.5. On the
other hand, when l/L0 > 0.7 the structure approximates
a network of rigid polygons connected by rotating hinges,
whose Poisson’s ratio is known to be −1.0 [39]. Our
results indicate that as l/L0 approaches 1, even the square
tiling behaves in an isotropic way. This is expected since
networks of rigid polygons have a single degree of freedom
and, therefore, their response is not affected by the
direction of loading. However, for such large values of l/L0
the integrity and strength of the structures is severely
reduced, limiting their possible applications. Finally, we
note from the results that ν is not affected by the amount
of applied deformation and that the structures remain
auxetic even when largely deformed (i.e. εyy = 0.1).
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Fig. 1. 2D auxetic materials are realized by embedding a pattern of elongated cuts into an elastomeric sheet. (a) Snapshot of a sample with a kagome
cut-pattern. To test whether the mechanical response of the system is isotropic, samples with the cut-pattern oriented at different angles θ with respect
to the horizontal direction are tested uniaxially. (b) Zoom-in views of the central region of samples with a kagome cut-pattern for θ = 0°, 15°, 30°, 45°. (c)
Zoom-in views of the central region of samples with a square cut-pattern for θ = 0°, 15°, 30°, 45°. Note that l is the length of cuts, while L0 denotes the
upper bound of l. The representative volume elements (RVEs) for both cut-patterns are outlined by red dashed lines. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 2. Numerical predictions for the in-plane Poisson’s ratio, ν, as a function of the orientation of the cut-pattern with respect to the loading direction.
(a) Results for the kagome cut-pattern. (b) Results for the square cut-pattern. Results for both small (εyy = 0.001) and large (εyy = 0.1) values of applied
strain are reported.

3. Experiments

To verify our numerical analysis, we build physical
models of the kagome and square patterns. We start with
sheets of natural latex rubber of size 87mm×145mm and
thickness 0.32 mm and use a high speed engraving laser
system (Kern Lasers Systems) to fabricate the periodic array
of cuts. In all our samples the cuts have an approximate
width of ∼300 µm and L0 (and therefore, the size of the
RVE) is chosen so that each specimen comprisesmore than
10 RVEs to reduce the boundary effects. The cut-length is

then determined to achieve l/L0 = 0.3, 0.5 and 0.7. To
quantify the degree of anisotropy of the structures, a series
of samples are fabricatedwith patterns orientated at differ-
ent angles with respect to the vertical direction (see Figs. 1
and 3). In particular, by taking advantage of the symmetry
of the cut patterns, we fabricate samples characterized by
θ = 0°, 7.5°, 15°, 22.5°, 30°, 37.5°, 45° and 52.5° for the
kagome lattice, while we consider θ = 0°, 15°, 30° and 45°
for the square lattice.

Uniaxial tensile tests are performed at room tem-
perature on a standard quasi-static loading frame (In-
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Fig. 3. Comparison between experimental and numerical results. (a) Schematic diagram of the central region with 9 RVEs, which are used to calculate ν.
A[i, j] and B[i, j] are the lattice vectors spanning the RVE in undeformed state, while a[i, j] , b[i, j] are the lattice vectors in the deformed state. (b) Comparison
between experimental (markers) and numerical results (continuous lines) for the kagome cut-pattern. Experimental Poisson’s ratio at θ = 0° is also used
for θ = 60° for visualization purpose. (c) Comparison between experimental (markers) and numerical results (continuous lines) for the square cut-pattern.
Snapshots of the samples with θ = 0° and 45° at a tensile strain of εyy = 0.1 are shown on the left. Experimental Poisson’s ratio at θ = 0°, 15°, 30° is also
used for θ = 90°, 75°, 60° for visualization purpose.

stron 5566) with a 1 kN load cell (Instron 2525-806)
in a displacement-controlled manner. The samples are
stretched using two custom-made fixtures to enhance
gripping. In all the tests a displacement of 15.0 mm in ver-
tical direction is applied (corresponding to a strain εyy =

0.1) at a cross-head velocity of 0.15 mm/min, ensuring
quasi-static loading conditions. To monitor the evolution
of the deformation, small dots (with diameter <0.5 mm)
are engraved to mark the vertices of the RVEs during the
cutting step, as shown in Fig. 1. The position of themarkers
is recorded using a high-resolution digital camera (Nikon
D90 SLR) and then analyzed by digital image processing
(MATLAB). In particular, we focus on the behavior of nine
RVEs in the central part of the samples, where the response
is more uniform and not affected by boundary effects. For
each RVE, macroscopic values of the finite strain, ε[i, j]

xx and
ε

[i, j]
yy , are calculated from the positions of the markers. In

fact, if we denote with A[i, j], B[i, j] and a[i, j], b[i, j] the two
lattice vectors spanning the RVE in the undeformed and
deformed configurations, respectively, it follows that (see
Supporting Information for details)


ε[i, j]
xx + 1 ε[i, j]

xy

ε[i, j]
yx ε[i, j]+1

yy



=


a[i, j]
x b[i, j]

x

a[i, j]
x b[i, j]

y


A[i, j]
x B[i, j]

y

A[i, j]
x B[i, j]

y

−1

(1)

where the components of the lattice vectors in x- and y-
directions can be easily calculated from the positions of the
markers. For each RVE macroscopic values of the Poisson’s
ratio with respect to the undeformed configuration are
then obtained as

ν[i, j]
= −

ϵ
[i, j]
xx

ϵ
[i, j]
yy

, (2)

and finally the ensemble average, ν = ⟨ν[i, j]
⟩, of the nine

central RVEs under consideration is computed.
In Fig. 3 we report the experimentally measured Pois-

son’s ratio, ν, as a function of the orientation of the pattern
for the kagome and square array of cuts. The experimental
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Fig. 4. Comparison between experimental and numerical results. (a) Comparison between experimental (markers) and numerical results (continuous
lines) for the rhombitrihexagonal cut-pattern. (b) Comparison between experimental (markers) and numerical results (continuous lines) for the Y cut-
pattern. (c) Comparison between experimental (markers) and numerical results (continuous lines) for the Z cut-pattern.

results (markers) are compared to the numerical predic-
tions (continuous lines), showing excellent agreement and
confirming the validity of our numerical analysis. Again,
we note that the kagome cut-pattern exhibits nearly iden-
tical Poisson’s ratio in all loading directions, regardless of
the cut-length. By contrast, the square cut-pattern exhibits
an orientation-dependent Poisson’s ratio, except for short
cuts (l/L0 = 0.3) when the response of thematerial is sim-
ilar to that of the homogeneous elastic sheet.

4. Discussion and conclusions

Having demonstrated our method for kagome and
square patterns (with 6-fold and 4-fold rotational sym-

metry, respectively), we now show that the approach
can be generalized to arbitrary cut-patterns. In particu-
lar, in Fig. 4 we report experimental and numerical results
for a rhombitrihexagonal cut-pattern, a Y cut-pattern and a
Z cut-pattern. Again, we observe the excellent agreement
between all numerical (markers) and experimental (con-
tinuous lines) results. As expected, since the rhombitri-
hexagonal cut-pattern and Y cut-pattern have six-fold and
three-fold rotational symmetry, for these structures the re-
sponse is found to be isotropic for all values of l/L0 and
even at large strain levels. Differently, the Z cut-pattern ex-
hibits strong anisotropy and its Poisson’s ratio for l/L0 =

0.7 varies from −0.57 to −0.90 when the loading direc-
tion changes. This behavior is expected since the Z-pattern
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has two-fold rotational symmetry. Finally, all our results
demonstrate that the cut-length can be effectively used to
tune the Poisson’s ratio of the system. Simply by increasing
l/L0 from 0.3 to 0.7, ν is significantly reduced from ∼0.3 to
∼ − 0.6, giving us the opportunity to easily realize auxetic
systems. Therefore, our results confirm the robustness of
our approach. By patterning elastic sheets with arrays of
cuts, we can achieve not only negative Poisson’s ratio, but
also isotropic behavior by carefully choosing the degree of
rotational symmetry of the pattern.

In summary, our findings demonstrate a fundamentally
new way of generating isotropic 2D materials with nega-
tive Poisson’s ratio by embedding periodic arrays of cuts in
elastomeric sheets. Interestingly, we showed that the Pois-
son’s ratio of the system can be easily tuned and drastically
altered by varying the length of the cuts, while the isotropy
of the system is controlled by the degree of rotational sym-
metry of the cut-patterns. Combining numerical analysis
and experiments, we investigated the response of five dif-
ferent cut-patterns and found that patternswith three- and
six-fold symmetry result in an isotropic response, while
arrays of cuts with two- and four-fold symmetry lead to
anisotropic responses. Remarkably, the systems we have
explored can be easily fabricated and have a robust behav-
ior. We believe that the insights gained in this study can
serve as an important guideline for designing and fabricat-
ing isotropic auxetic materials that can have a significant
impact on a wide range of applications.
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FABRICATION

We first describe the response of the material we used to fabricate our samples, then provide a summary of all
samples we fabricated for this study.

Material

Natural latex rubber was used to fabricate the experimental samples for this study. The material was purchased
in sheet form (1/8 inch thick) from McMaster Carr. The response of the elastic sheets was tested under uniaxial
tension. The experimentally measured stress-strain curve is reported in Fig. S1 (red line), from which the initial
shear modulus was measured to be µ0 = 0.38 MPa.

The observed constitutive behavior is modeled as hyperelastic. Let F = ∂x
∂X be the deformation gradient, mapping

a material point from the reference position X to its current location x and J be its determinant, J = detF. For an
isotropic hyperelastic material the strain energy density W can be expressed as a function of the invariants of the right
Cauchy-Green tensor C = FTF (or, alternatively, also the left Cauchy-Green tensor B = FFT ). In particular, the
behavior of nearly incompressible materials is effectively described by splitting the deformation locally into volume-
changing (J1/3I) and distortional (F) components as

F = (J1/3I)F, (S1)

where I denotes the identity matrix.
The response of the latex rubber’s is modeled using a Neo-Hookean hyperelastic material model, modified to include

compressibility (with a high bulk modulus).

W =
µ0

2
(I1 − 3) +

K0

2
(J − 1)2, (S2)

where µ0 and K0 are the initial shear and bulk moduli and I1 = tr(F
T
F). The nominal (first Piola-Kirchoff) stress

is then given by

S =
∂W

∂F
=
[
µ0devB +K0J(J − 1)

]
F−T , (S3)

where B = FF
T

and dev is the deviatoric operator.
In all our simulations we used K0/µ0 ≈ 2500. Fig. S1 shows that the Neo-Hookean model captures the behavior

well up to a nominal strain of about 0.8 which covers the majority of the strain levels studied.

Summary of fabricated samples

In Table I we provide a list of all samples fabricated and tested for this study.
Note that we took advantage of the symmetry of the cut patterns to reduce the number of samples to be fabricated,

as shown in Fig. S2. In fact, for a cut pattern with N-fold rotational symmetry only values of θ within the interval
[0, 2π/N ] need to be considered. Furthermore, for patterns with mirror symmetry the range of orientations to be
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Figure S1: Nominal stress versus nominal strain in uniaxial tension for the rubber sheet. Comparison between experimental
data and model predictions.

rhombi−
kagome− cut square− cut trihexagonal − cut Y − cut Z − cut

Rotational symmetry 6-fold 4-fold 6-fold 3-fold 2-fold
Axis of symmetry 0 2 0 3 2

θmin 0◦ 0◦ 0◦ 0◦ 0◦

θmax 60◦ 45◦ 60◦ 30◦ 90◦

∆θ 7.5◦ 15◦ 7.5◦ 7.5◦ 15◦

Table I: List of all samples fabricated and tested for this study. Note that the symmetry is determined on an infinitely large
cut pattern and not on the RVE.

considered is further reduced to [0, π/N ]. Operationally, for each pattern we varied θ through the range [θmin, θmax]
at interval ∆θ, where θmin, θmax and ∆θ are specified in Table I. Note that for the Y-cut pattern we also took
advantage of the rotational symmetry of the uniaxial loading conditions and used θmin = 0◦ and θmax = 30◦.
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Square-cut kagome-cut trihexagonal-cut

Y-cutZ-cut

Figure S2: Cut patterns considered in our study. The grey are indicates the range of orientation angles used to investigate the
response of each cut pattern. The solid lines are the axis of mirror symmetry, while the dashed lines indicate the rotational
symmetry.



4

TESTING

In this section we describe in detail the procedure we used to calculate the Poisson’s ratio, ν, from the experimental
tests.

Calculation of Poisson’s ratio from experiments

To quantify the deformation (and thus the Poisson’s ratio, ν) taking place in the porous structures during the
experiments, small marker dots (with diameter< 0.5mm) were engraved to mark the vertices of the RVEs during the
cutting step, as shown in Fig. 1 in the main text. The position of the markers was recorded using a high resolution
digital camera (Nikon D90 SLR) and then analyzed by digital image processing (Matlab). In particular, we focused
on the behavior of 9 RVEs in the central part of the samples, where the response is more uniform and not affected
by boundary effects. The markers at the corners of the chosen RVEs were identified in the initial frame, and followed
through the loading process.

a) b) Undeformed Deformed
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x
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[ , ]i j

[ , ]i jA

[ , ]i jB
4 3

21

[ , ]i j

[ , ]i ja

[ , ]i jb
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21

Deformation

Figure S3: Schematic diagram of the central region with 9 RVEs, which are used to calculate ν. A[i, j] and B[i, j] are the lattice
vectors spanning the RVE in undeformed state, while a[i, j], b[i, j] are the lattice vectors in the deformed state.

For each RVE, local homogenized values of the engineering strain ε
[i, j]
xx and ε

[i, j]
yy , using the fact that the lattices

vectors spanning the RVE in the deformed and undeformed configuration are related through the deformation gradient,
F[i, j], as

a[i, j] = F[i, j]A[i, j], b[i, j] = F[i, j]B[i, j] (S4)

where

F[i, j] =

ε[i, j]xx + 1 ε
[i, j]
xy

ε
[i, j]
yx ε

[i, j]
yy + 1

 (S5)

Note that the the lattice vectors in Eq. (S4) can be easily calculated from the positions of the markers as

A[i, j] =

(
A

[i, j]
x

A
[i, j]
y

)
=

1

2

(
X

[i, j]
2 −X

[i, j]
1 +X

[i, j]
3 −X

[i, j]
4

Y
[i, j]
2 − Y

[i, j]
1 + Y

[i, j]
3 − Y

[i, j]
4

)
(S6)

B[i, j] =

(
B

[i, j]
x

B
[i, j]
y

)
=

1

2

(
X

[i, j]
4 −X

[i, j]
1 +X

[i, j]
3 −X

[i, j]
2

Y
[i, j]
4 − Y

[i, j]
1 + Y

[i, j]
3 − Y

[i, j]
2

)
(S7)

a[i, j] =

(
a
[i, j]
x

a
[i, j]
y

)
=

1

2

(
x
[i, j]
2 − x

[i, j]
1 + x

[i, j]
3 − x

[i, j]
4

y
[i, j]
2 − y

[i, j]
1 + y

[i, j]
3 − y

[i, j]
4

)
(S8)



5

b[i, j] =

(
b
[i, j]
x

b
[i, j]
y

)
=

1

2

(
x
[i, j]
4 − x

[i, j]
1 + x

[i, j]
3 − x

[i, j]
2

y
[i, j]
4 − y

[i, j]
1 + y

[i, j]
3 − y

[i, j]
2

)
(S9)

where (X
[i, j]
α , Y

[i, j]
α ) and (x

[i, j]
α , y

[i, j]
α ) denote the coordinated of the α-th vertex of the RVE in the undeformed and

deformed configuration, respectively.
Finally, local homogenized values of the engineering strain for the RVE can be obtained as

F[i, j] =

(
ε
[i, j]
xx + 1 ε

[i, j]
xy

ε
[i, j]
yx ε

[i, j]
yy+1

)
=

(
a
[i, j]
x , b

[i, j]
x

a
[i, j]
x , b

[i, j]
y

)(
A

[i, j]
x , B

[i, j]
y

A
[i, j]
x , B

[i, j]
y

)−1

(S10)

=
1

A
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x B
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x B
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(S11)

since

(
A

[i, j]
x , B

[i, j]
y

A
[i, j]
x , B

[i, j]
y

)−1

=
1

A
[i, j]
x B

[i, j]
y −B

[i, j]
x A

[i, j]
y

(
B

[i, j]
y , −B[i, j]

x

−A[i, j]
y , A

[i, j]
x

)
(S12)

The local values of the engineering strain are then used to calculate local values of the Poisson’s ratio as

ν[i, j] = − ε
[i, j]
xx

ε
[i, j]
yy

, (S13)

and finally the ensemble average, ν =< ν[i, j] > of the nine central RVEs under consideration is computed.
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