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Transition waves that sequentially switch bistable elements from
one stable configuration to another have received significant
interest in recent years not only because of their rich physics
but also, for their potential applications, including unidirectional propagation, energy harvesting, and mechanical computation. Here, we exploit the propagation of transition waves
in a bistable one-dimensional (1D) linkage as a robust mechanism to realize structures that can be quickly deployed. We first
use a combination of experiments and analyses to show that,
if the bistable joints are properly designed, transition waves
can propagate throughout the entire structure and transform
the initial straight configuration into a curved one. We then
demonstrate that such bistable linkages can be used as building
blocks to realize deployable three-dimensional (3D) structures of
arbitrary shape.
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ultistability—the property of having multiple stable equilibrium configurations—has recently emerged as a powerful platform to design a wide range of smart structures,
including shape-reconfigurable architectures (1–4), fully elastic and reusable energy-trapping metamaterials (5), soft swimming robots with preprogrammed directional propulsion (6), and
deployable solar panels for aerospace applications (7). Interestingly, the range of attainable functionalities can be further
expanded when considering networks of elastically coupled multistable building blocks since these support the propagation of
transition waves that sequentially switch the elements from one
stable configuration to the other (8–10). By applying a stimulus large enough to overcome the initial energy barrier, a
bistable building block switches from its higher-energy stable
configuration to its lower-energy one and releases the energy
difference (initially stored in the form of deformation). If such
energy is transmitted to the neighboring elements through (elastic) connections, waves similar to those of a falling dominoes
(11) are initiated that switch sequentially all building blocks.
It has been recently shown that such transition waves offer
new opportunities to manipulate the propagation of mechanical signals and enable unidirectional propagation (8, 12, 13)
and energy harvesting (14, 15) as well as simple mechanical
logic (9); here, we will investigate their use to realize foldable structures that can be quickly deployed and automatically
lock in place.
Deployable structures that can be packaged for transportation and expanded at the time of operation not only surround
us every day in the form of foldable chairs, tables, and umbrellas but also enable the design of smart aerospace (16–18),
architectural (19–22), engineering (5, 23, 24), and medical (25)
systems. These structures are routinely realized using linkage
mechanisms consisting of rigid bars connected by mechanical joints (19–21, 26–28). However, there are several challenges associated with their design. 1) The deployment process
(i.e., the transformation between the compact/packaged and
large/deployed states) poses several constraints as it should be
www.pnas.org/cgi/doi/10.1073/pnas.1917887117

autonomous, be reliable, and occur without any damage (29). 2)
They require robust mechanisms to lock them into place after
deployment (30).
In this work, we study via a combination of experiments and
numerical/theoretical analyses the nonlinear dynamic response
of a simple mechanical linkage comprising bistable joints connected by rigid bars. We first show that, by carefully designing
the connections between the links, the system supports transition
waves that propagate through the entire structure, transforming the initial straight configuration to a curved one. Then, we
demonstrate that these bistable linkages can be combined to realize arbitrary curved profiles and three-dimensional (3D) shapes
out of initially straight and flat elements. As such, the proposed
platform provides opportunities for the design of a generation
of deployable systems that can be expanded quickly by applying
a single perturbation and that are stable and locked into place
after deployment (since the retraction process requires far more
energy than the deployment one).
Dynamics of a Linkage with Nearest Neighbors Connections
We consider a simple mechanical linkage comprising a onedimensional (1D) array of n rigid bars of length L, mass m, and
moment of inertia I connected at their ends by joints designed
to allow rotations in the interval [0, Θ] (Fig. 1A). To make the
structure multistable, we connect nearest neighbors together
(1)
with linear springs with stiffness k (1) , rest length l0 , and ends
fixed in the middle of the links at a distance d from the line
connecting the center of the joints together. For such system,
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while for d ≤ 0, the hinges are unstable at the initial resting flat
state (i.e., at θi = 0), increasing the distance d makes both the
joints stable at θi = 0 and decreases the total amount of energy
released when the joint moves from θi = 0 to θi = Θ. More
(1)
specifically, for d /L ≤ 0, ∂Ui /∂θi (θi = 0) ≤ 0, and any small
perturbation results in switching of the joint angle from θi = 0
(1)
to θi = Θ. Differently, when d /L > 0, ∂Ui /∂θi (θi = 0) > 0, and
the joint angle returns back to θi = 0 after small perturbations.
Guided by these results, we choose d /L = 0.02 and build a
chain comprising n = 10 bars with L = 50 mm, m = 16.3 g, and
I = 31.7 g cm2 ; joints characterized by Θ = π/n; and springs
(1)
with k (1) = 1.02 N/mm and l0 = 38.1 mm (SI Appendix, section 2). We place the structure in the straight configuration on
a flat surface in the x − y plane (note that gravity acts in the z
direction), clamp its right end, and apply a pulse in the y direction to leftmost link with a fast moving rod. We then monitor
the propagation of the excited transition waves with a high-speed
camera (SONY RX100) recording at 480 fps. Finally, we obtain
the position, (xi , yi ), and orientation, αi , of the ith link in each
frame via image processing methods and use those to further calculate velocity vi ≡ (ẋi , ẏi ), angular speed α̇i , and kinetic energy
(SI Appendix, section 1):
1
1
Ti = mkvi k2 + I α̇i 2 .
2
2

E
F

Fig. 1. Bistable linkage with nearest neighbor connections. (A) Schematic
of the system. Insets show (A-1) the design of the joints to allow rotation in
the range [0, Θ] (note that the edges in contact are highlighted in red) and
(A-2) the distance d. (B) Evolution of the potential energy Ui(1) of a joint as a
function of its angle θi for various values of d/L. (C and E) The normalized
angle of the individual bistable joints (θ for each of the joints in the linkage)
during the propagation of the transition wave in a linkage with d/L = 0.02
as recorded in two experiments in which the impactor prescribes a perturbation to the first bar characterized by Uper /U0(1) = (C) 0.50 and (E) 2.76. The
corresponding numerical and theoretical predictions for the wave front are
shown with solid red and dashed black lines, respectively. (D and F) Corresponding experimental snapshot of the structure in the initial (straight) and
final (curved) configurations.

[2]

In Fig. 1 C and E, we show results for two experiments (Movies
S1 and S2) in which the impactor prescribes a perturbation to
(1)
(1)
the first bar characterized by Uper /U0 = T1 (t = 0)/U0 = 0.50
and 2.76, respectively. Since the applied perturbations provide
enough energy to overcome the initial energy barrier in the
(1)
(1)
(1)
joint’s potential [(max Ui − U0 )/U0 = 0.0067 for d /L =
0.02] (Fig. 1B), they make the first joint to snap so that θ1
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the potential energy stored in the springs depends only on the
angle between two adjacent bars so that the joints are independent from each other. More specifically, the potential energy of
(q)
the spring connecting the ith and i + qth rigid bars, Ui , takes
the form

2
1
(q)
(q)
Ui = k (q) li,i+q − l0
,
[1]
2
where for nearest neighbor connections, q = 1 and li,j is the
length of the spring connecting the ith and j th bars. In Fig. 1B,
(1)
we report the evolution of Ui [normalized by the energy of
(1)
the spring when the two connected bars are aligned, U0 =
(1) (1)
2
1/2k (l0 − L) ] as a function of the joint angle θi ≡ αi+1 − αi
(αi being the angle between the ith bar and the horizontal
direction) for different values of d /L. The results indicate that,
2 of 6 | www.pnas.org/cgi/doi/10.1073/pnas.1917887117

Fig. 2. Effect of input energy and dissipation on the wave front. (A and
B) Numerically predicted time at which each joint along the linkage with
nearest neighbor connections and d/L = 0.02 snaps for (A) different energy
inputs Uper /U0(1) and (B) different friction coefficients µ. Both an increase in
input energy and a decrease in friction make the wave propagate further
into the structure.
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one. However, the velocity of such transition wave monotonically decreases as it propagates rightward and eventually vanishes. As a matter of fact, for the input signal characterized by
(1)
Uper /U0 = 0.50, the last five links remain in their flat configuration (Fig. 1D). By increasing the magnitude of the applied
(1)
perturbation to Uper /U0 = 2.76, the distance traveled by the
wave is enlarged to seven units, but such high-energy inputs
cause larger stresses and therefore, make the structure more susceptible to failure (which manifests itself in the form of cracks
around the connecting pins as those are the weakest points of
the structure).
To understand the reason behind the arrest of the excited transition waves, we continue by developing a numerical model. We
assume that the chain stays in the x − y plane and define the
Lagrangian of the chain

B

L=T −U =

n
X
i=1

C

D

Fig. 3. Bistable linkage with next-nearest neighbor connections. (A)
Schematic of the system. (B) Evolution of the potential energy Ui(2) of a joint
as a function of its angle θI for θi−1 = 0 (solid line) and θi−1 = Θ (dashed
line). In both cases, θi+1 = 0 and d/L = 0.02. (C) The normalized angle of
the individual bistable joints (θ for each of the joints in the linkage) during the propagation of the transition wave in a linkage with d/L = 0.02
as recorded in an experiment in which the impactor prescribes a perturbation to the first bar characterized by Uper /U0(2) = 0.47. The corresponding
numerical and theoretical predictions for the wave front are shown with
solid red and dashed black lines, respectively. (D) Corresponding experimental snapshot of the structure in the initial (straight) and final (curved)
configurations.
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suddenly moves from 0 to Θ. Additionally, they initiate a transition wave that sequentially switches the joints from θi = 0 to
θi = Θ, transforming the initial straight structure into a curved
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n−q

Ti −

X

(q)

Ui

− Uconst ,

[3]

i=1

where q = 1 for nearest neighbor connections and Uconst is the
energy associated with the constraints introduced at the joints to
ensure that subsequent links stay connected and that 0 ≤ θi ≤ Θ
(SI Appendix, section 1). The discrete equations of motion are
then obtained via the Euler–Lagrange equations, and Coulomb
friction terms of type −µmgvi /kvi k (µ = 0.2 being the experimentally measured coefficient of friction between the structure
and the surface) are introduced to account for the energy dissipation due to the sliding of the structure on the surface. Finally, the
ordinary differential equations are numerically solved using the
Runge–Kutta fourth-order method. In our numerical analysis,
we consider a linkage comprising 10 bars, apply the experimentally extracted input signal to the first link on the left, and
implement fixed boundary conditions at the right end. To test
the relevance of the numerical analyses, we first compare the
transition wave front predicted by the numerical simulations with
that measured in our experiments. As shown in Fig. 1 D and
E, we find very good agreement between the two sets of data,
confirming the validity of our numerical analyses. Next, we use
the simulations to investigate the effect of both friction and
strength of the applied input on the propagation of the transition waves. The results shown in Fig. 2 indicate that both larger
Uper and smaller µ help the transition wave to propagate further
and that in the limit cases of very high-energy inputs and very
small friction all joints snap and the structure reaches its final

Fig. 4. Effect of input energy, dissipation, and geometric parameters on the wave front. Numerically
predicted time at which each joint along the linkage
with next-nearest neighbor connections snaps for
different (A) Uper /U0(2) , (B) µ, (C) d/L, and (D) l0(2) /L.
In all analyses, d/L = 0.02 unless stated otherwise.
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form the initially flat structure into a semicircle (Fig. 3 C and
D and Movie S3). Furthermore, our numerical analyses indicate
that higher-energy inputs result in higher propagation speeds
and therefore, faster transitions from the flat to the final curved
shape (Fig. 4A). We also find that the propagation of the transition waves is almost unaffected by changes in friction (Fig. 4B) as
the amount of energy released by the springs is far greater than
that dissipated through friction. Finally, we use our numerical
analyses to investigate the effect of the two principal geometric
(2)
parameters: d /L and l0 /L. As expected, we find that larger val(2)
ues of l0 /L result in faster wave propagation (Fig. 4C) since
they lead to higher levels of elastic energy stored in the springs.
Differently, an increase in d /L leads to slower waves (Fig. 4D)
since it is accompanied by a decrease of the amount of energy
released by the springs on snapping.

B

Physical Ingredients
The results of Figs. 3 and 4 indicate that the propagation of transitions waves enables an initially flat linkage with next-nearest
neighbor connections to quickly and robustly transform into a
curved configuration. Moreover, they also show that, by carefully selecting the geometric parameters and the applied input,
the velocity of such waves and therefore, of the deployment process can be controlled. While so far, we have used a combination
of experiments and numerical analyses to investigate the propagation of pulses, it is important to point out that the dynamic
behavior can be also accurately captured by imposing two basic
physical principles: conservation of energy and angular momentum. To demonstrate this important point, we start focusing on
the first i links rotating around the ith joint on the x − y plane
(while gravity acts in the z direction) (Fig. 5A). Conservation of
energy applied to this portion of the structure yields

Fig. 5. Theoretical model. (A) Schematic of a bistable linkage with nextnearest neighbor connections as the transition wave passes through. (B)
Theoretically predicted evolution of the time that it takes for the transition
wave to reach the last joint, ∆T, as a function of the geometrical parameters
d/L and l0(2) /L.
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semicircular shape. However, it is important to note that such
final configuration is impractical to reach as it requires either no
friction or a high-energy input energy that causes large stresses
at the joints.
Dynamics of a Linkage with Next-Nearest Neighbors
Connections
To realize bistable linkages in which transition waves initiated by
low-energy inputs propagate through the entire structure even
in the presence of moderate levels of dissipation, we change the
arrangement of the springs and use them to connect next-nearest
neighbor links (Fig. 3A). Note that this change has a significant impact on the energy landscape of the ith joint (which is
described by Eq. 1 with q = 2) and makes it dependent not only
on θi but also, on θi+1 and θi−1 . Specifically, if we consider a
wave propagating from left to right, the ith joint is stable at both
(2)
θi = 0 and θi = Θ for θi−1 = 0, whereas if θi−1 = Θ, Ui changes
to a monostable function (Fig. 3B). Remarkably, this qualitative
change in potential function allows the transition wave to propagate much more easily through the structure since the snapping
of a joint makes the neighboring one monostable and therefore,
forces it to snap.
Guided by this analysis, we then modify our structure and
introduce linear springs with stiffness k (2) = 0.74 N/mm and rest
(2)
length l0 = 82 mm. Note that, since the initial force in the
springs is almost identical to that introduced in the linkage with
(1)
(2)
nearest neighbors connections [i.e., k (1) (l0 − L) ≈ k (2) (l0 −
2L)], the stresses at the joints are the same for the two structures and therefore, also their susceptibility to failure. Both our
experiments and numerical simulations show that even a small
(2)
input perturbation characterized by Uper /U0 = 0.47 is enough
to initiate a wave that switches all joints of the linkage and trans4 of 6 | www.pnas.org/cgi/doi/10.1073/pnas.1917887117

2
Ii ωf2,i = Ii ωs,i
+ 2∆U ,

[4]

where Ii is the moment of inertia of the first i links with respect
to ith joint, ∆U is the amount of energy released by the springs
as the ith joint snaps, and ωs,i and ωf ,i are the angular velocities
of the i rotating links when θi = 0 and θi = Θ, respectively. Given
ωs,i , Eq. 4 allows us to calculate the angular velocity of the first i
links when the angle at the ith joint reaches its final value Θ. At
this point, the first i + 1 links start to rotate around the (i + 1) th
joint, and by imposing conservation of momentum, we obtain
Ii+1 ωs,i+1 = Ii ωf ,i .

[5]

Remarkably, Eqs. 4 and 5 can be used to calculate the time that
it takes for the wave to change the ith joint angle from zero to

Fig. 6. Arbitrary surfaces can be realized by connecting our bistable
linkages with next-nearest connections.
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Θ, δti , and therefore, to characterize the transition wave front.
More specifically,
p since ωs,1 is determined from the initial conditions as ωs,1 = 2T1 (t = 0)/I1 , they can be recursively used to
obtain ωf ,i (with i = 1, . . . , n) and ωs,i (with i = 2, . . . , n) from
which δti is calculated as
δti =

Θ
.
ωs,i

[6]
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In Figs. 1 C and E, 2B, 3C, and 4B, we compare the transition front predicted by Eq. 6 (dashed black lines) with our
experimental and numerical data. In the case of the linkage
with next-nearest neighbor connections, we find that the transition front is well captured by the model. Differently, for the
structure with nearest neighbor connections, it overpredicts the
distance traveled by the wave as friction is not accounted for in
our model.
Having confirmed the validity of our model, we then use
it to investigate the effect of the geometric parameters d /L
(2)
and l0 /L on the time that it takes for the transition
wave to fully propagate throughout the entire structure with
P
next-nearest neighbors connections, ∆T = 10
i=1 δti . The contour plot reported in Fig. 5B shows that, by tuning the geometric
parameters, we can control the propagation velocity of the
pulses. More specifically, we find that the rest length of the
springs play an important role and that faster pulses propagate
(2)
for small values of l0 /L. Note that, since the input energy
required to initiate the pulse is much smaller than the energy
released ∆U , for these calculations we choose ωs,1 = 0 (i.e., we
ignore the input energy) so that the results represent an upper
bound for ∆T .
Extension to Arbitrary 3D Shapes
Thus far, we have demonstrated that transitions waves can be
exploited to quickly and robustly transform a straight linkage
with next-nearest neighbor connections into a semicircle. By spatially varying the angle by which the joints rotate, we can expand
the range of achievable shapes on pulse propagation, but we are
limited to curves without inflection points (i.e., curves that are
either concave or convex). Unfortunately, this is not enough to
realize deployable structures capable of transforming into complex surfaces as those required by real-world applications. Realization of such systems necessitates 1) 1D linkages that transform
into profiles with arbitrary curvature and 2) connections between
them (Fig. 6).
Motivated by practical applications, we focus on the design of
a 1D chain capable of transforming into an arbitrary profile and
Zareei et al.

investigate how to realize points at which the sign of the curvature (i.e., the concavity) changes. We find that such inflection
point can be easily created by coupling two linkages of the type
described in Dynamics of a Linkage with Next-Nearest Neighbors
Connections. More specifically, we orient the linkages so that one
deforms upward and the other deforms downward and overlay
them to get two of their bars to overlap (Fig. 7A). By connecting the extremities of the overlapping links via pins (red circles
in Fig. 7A), we form a bistable mechanism that ensures transmission of the wave from one linkage to the other, enabling the

Fig. 8. The 3D deployable structures. A four-linkage structure transforms
into a 3D dome-like shape. The four linkages are attached to a central rigid
element (highlighted in red in Inset) and interconnected with linear springs.
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Fig. 7. Inflection point. (A) A profile with an inflection point can be obtained by connecting two linkages with next-nearest connections. The joints at
which the two linkages are connected together are shown with red circles. (B) Experimental snapshot of a structure in the initial and final configurations.
Each linkage consists of four bars with Θ = π/10 and d/L = 0.02.

transformation of the initially flat linkage into a profile with
changing concavity (Fig. 7B and Movie S4).
Having identified a strategy to transform a 1D linkage into a
profile of arbitrary shape, we lastly focus on how to connect such
1D elements to form networks that span arbitrary open surfaces
(Fig. 6). Toward this end, we start by noting that such connections should preserve the integrity of the structure as well as
enable transmission of the signal through the different components. If we simply connect several linkages to a rigid element,
the links become independent, and the pulses propagate only
through the links at which they are excited, not enabling the
deployment of the 3D structure. To overcome this limitation,
we introduce linear springs that connect the different linkages
together (Inset in Fig. 8). As shown in Fig. 8 for a structure comprising four linkages characterized by d /L = 0.02 and Θ = π/10,
the springs enable the transfer of the waves from one linkage to
the other and ultimately, the deployment of the 3D dome-like
structure (Movie S5). Note that, contrary to the case of the 1D
linkages considered earlier, this 3D structure has to overcome
gravity as it lifts from the ground and changes its shape. However, for this system, the energy required to overcome gravity is
only 5% of the total energy stored in the springs and therefore,
does not affect the deployment process.
Conclusions
In summary, we have shown that transition waves provide opportunities to realize structures that can be quickly and efficiently
deployed as well as locked in place in the expanded configuration. More specifically, we have focused on a simple 1D linkage
and demonstrated that, by introducing next-nearest neighbor
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1. Numerical Model
To get a better understanding of the propagation of transition waves in our linkages, we develop a numerical
model. In our numerical simulations we model the links as rigid bodies of mass m (note that m includes
the mass of the link as well as the pins, screws and bolts used at the joints), length L, and moments of
inertia I. We assume that the structure deforms in the (x, y) plane and use (xi , yi ) and αi to denote the
position of the center of mass and of the i-th link and the angle between the i-th link and the horizontal
direction, respectively (Fig. S1a). We then connect the i-th link to its i ± q neighbor via a linear spring
with stiffness k (q) , rest length l(q) and current length li,i±q given by
li,i±q =

q

(xi + d sin αi − xi±q − d sin αi±q )2 + (yi − d cos αi − yi±q + d cos αi±q )2 .

[S1]

where d is the vertical off-set between the line connecting the center of joints and the line connecting the
springs. Further, to ensure that subsequent links stay connected and that 0 ≤ θi ≤ Θ (where θi = αi+1 − αi
is the i-th joint angle), we introduce three elastic springs at each joint: (i) a linear spring with stiffness
kx = 50k (q) ; (ii) a linear spring with stiffness ky = 50k (q) and (iii) a non-linear rotational spring with
stiffness kθ defined as
(

kθ =

50k (q) L
0

θi < 0 or θi > Θ
0 ≤ θi ≤ Θ

[S2]

Under these assumptions, the Lagrangian of a linkage chain comprising n units can be written as

Fig. S1. (a) Schematic of the linkage mechanism where each link is considered as a bar with total mass m and moment of inertia I . The inset figure shows that the joints
are replaced with two stiff horizontal/vertical springs with stiffness kx ,ky and a nonlinear torsional spring kθ . (b) The nonlinear torsional spring potential function Uθ versus
joint angle θi . The potential Uθ is zero when θi ∈ [0, Θ] and quadratic in theta otherwise.

L=T −U =

n
X
i=1

Ti −

n−q
X

(q)

Ui

− Uconst.

[S3]

i=1

where Ti is the kinetic energy of i-th link,
1
1
Ti = m(ẋi 2 + y˙i 2 ) + I α̇i 2 ,
2
2
(q)

Ui

[S4]

is the potential energy stored in the spring connecting the i-th and (i + q)-th links
(q)

Ui



1
(q) 2
= k (q) li,i+q − l0
,
2

[S5]
[S6]
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and Uconst. is the energy associated to the constraints introduced at the joints to ensure that subsequent
links stay connected and that 0 ≤ θi ≤ Θ
Uconst. =

n
X
1
i=2

2

+

kx (xi −

n
X
1
i=2

2

L
L
cos αi − xi−1 − cos αi−1 )2
2
2

ky (yi −

n−1
X
L
L
sin αi − yi−1 − sin αi−1 )2 +
Uθ (θi )
2
2
i=1

[S7]

with

Uθ (θi ) =


1
2

 2 kθ (θi − Θ)


0



 1 k θ2
2 θ i

θi > Θ
0 ≤ θi ≤ Θ
θi ≤ 0

[S8]

The discrete equations of motion for the i-th link are then obtained via the Euler–Lagrange equations as
L
L
L
L
cos αi − xi−1 − cos αi−1 ) − kx (xi + cos αi − xi+1 + cos αi+1 )
2
2
2
2


(q)
(q) xi − xi+q + d (sin αi − sin αi+q )
−k
li,i+q − l0
li,i+q

xi − xi−q + d (sin αi − sin αi−q ) 
(q)
− k (q)
li,i−q − l0
li,i−q
L
L
L
L
mÿi = −ky (yi − sin αi − yi−1 − sin αi−1 ) − ky (yi + sin αi − yi+1 + sin αi+1 )
2
2
2
2


y
−
y
−
d
(cos
α
−
cos
α
)
(q)
i
i+q
i
i+q
− k (q)
li,i+q − l0
li,i+q

yi − yi−q − d (cos αi − cos αi−q ) 
(q)
− k (q)
li,i−q − l0
li,i−q
L
L
L
L
L
L
I α̈i = −kx sin αi (xi − cos αi − xi−1 − cos αi−1 ) + kx sin αi (xi + cos αi − xi+1 + cos αi+1 )
2
2
2
2
2
2
L
L
L
L
L
L
+ ky cos αi (yi − sin αi − yi−1 − sin αi−1 ) − ky cos αi (yi + sin αi − yi+1 + sin αi+1 )
2
2
2
2
2
2


(q)
(q) d cos αi [xi − xi+q + d(sin αi − sin αi+q )]
li,i+q − l0
−k
li,i+q

d cos αi [xi − xi−q + d(sin αi − sin αi−q )] 
(q)
− k (q)
li,i−q − l0
li,i−q

d sin αi [yi − yi+q + d(cos αi − cos αi+q )] 
(q)
− k (q)
li,i+q − l0
li,i+q

d sin αi [yi − yi−q + d(cos αi − cos αi−q )] 
(q)
− k (q)
li,i−q − l0 − Uθ0 (αi − αi−1 ) + Uθ0 (αi+1 − αi ) [S9]
li,i−q

mẍi = −kx (xi −

Next, to account for the energy dissipation due to the sliding of the structure on the surface, we add to
Coulomb friction terms of type −µmg ẋi /(ẋ2i + ẏi2 ) and −µmg ẏi /(ẋ2i + ẏi2 ) (µ = 0.2 being the experimentally
measured coefficient of friction between the structure and the surface). Further, subsequent links do not
oscillate back√and forth when their angle reaches 0 or Θ, we also include a dissipation term in the form of
cθ̇ (with c/L mk (q) = 4) that is only activated when θi < 0/ θi > Θ. Finally, since in all experiments the
linkages are placed on a flat surface in the x − y plane with a wall located at y = 0 and aligned along the
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x-direction that limits motion in y-direction, we introduce a wall-type potential Uy defined as
(

Uy (y) =

0
1
(q) 2
2 50k y

y ≥ 0,
y < 0.

[S10]

We numerically solve Eqs. (S9) using Runge–Kutta fourth order method with time-steps δt = 0.01 sec. As
in the experiments, in all simulations we clamp the first link by setting x1 = y1 = 0, and α1 = 0. The pulse
is then initiated by imposing
s
2Uper
α̇1 (t = 0) =
,
[S11]
I1
where Uper is the energy of the applied perturbation , which can be estimated from the experimentally
measured initial (i.e. at t = 0) linear (v1 t=0 ) and angular velocities of the first link as
Uper ≡ T1 (t = 0) =


m 2
ẋ1 + ẏ12
2

I
+ α̇2
2
t=0

t=0

.

[S12]

Additional numerical results

Fig. S2. While in the main text we show numerical results for linkages with spatially constant properties, here we report numerical predictions for linkages with next-nearest
(2)
neighbors springs of spatially increasing and decreasing stiffness. Specifically, we consider a linkage for which the stiffness of the i-th spring is ki = k(2) +4(i−1)k(2) /7
(2)

and one for which ki

= k(2) − (i − 1)k(2) /28. (A)-(B) The normalized angle of the individual bistable joints (θ for each of the joints in the linkage) during the propagation
(2)

(2)

of the transition wave in a linkage with d/L = 0.02, l0 /L = 1.64, Uper /U0 = 0.5 and spring with spatially (A) increasing and (B) decreasing stiffness. In both plots
the dashed black line indicates the wavefront predicted by the numerical simulations for a linkage realized with spring of identical stiffness. (C)-(D) Theoretically predicted
(2)
evolution of the time it takes for the transition wave to reach the last joint, ∆T , as a function of the geometrical parameters d/L and l0 /L for linkages with with spatially
(C) increasing and (D) decreasing stiffness. All these numerical results indicate that the velocity profile of the supported transition waves can be manipulated by varying the
stiffness of the connecting springs along the structure.

2. Experiments
A. Fabrication. To realize linkages with bistable joints, we start by designing rigid bars of length L that
allow each joint to rotate between 0 and Θ. This is achieved using the design shown in Fig. S3(a). Note
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that the triangular feature at the top of the links prevent rotations larger that Θ, while the small step at
their bottom stops the rotation at θ = 0 (see Fig. S4). Moreover, three circular holes are embedded in each
link: the two closed to the ends are used to connect to the neighboring elements via pins, whereas the one
in the middle (which is at a distance d from the line connecting the center of the other two holes) is used to
connect the springs to the bar using screws and bolts. Each bar is fabricated out of four layers of plexi-glass
with thickness of 3 mm. The laser-cut layers are glued together as shown in Fig. S3(b) to form a link.

Fig. S3. (a) Schematic of a single layer of our bar. (b) A bar is constructed by gluing four layers together.

Fig. S4. Schematic of the structure. Inset figures highlight the contact points when a joint’s angle is at 0 or Θ.

The total mass of each link is m = 16.3 g for nearest neighbor connections and m = 18.8 g for nextnearest-neighbor connections and accounts for the mass of the plexi-glass layers (mpg =8.6 g), pins (mp =1.1
(1)
(2)
g), springs (ms =2×2.2 g for nearest-neighbor and ms =6.9 g for next-nearest-neighbor connections) and
screw and bolts (msb =2.2 g). The moment of inertia for each link is calculated by considering the link
as a rigid rod of length L and mass mpg + ms (note that we neglect the complex shape of the link) and
considering the pins, screws, and bolts as point masses. It follows that the moment of inertia of each unit
with respect to its center of mass is
 2

I=

mpg + ms 2
L
L + mp
12
2

.

[S13]

The springs used in our linkage with nearest neighbor connections have stiffness k (1) = 2 × 507.86 N/m
(1)
and rest length l0 = 38.09 mm (McMaster-Carr product id: 9044K125), whereas those used to construct
(2)
the linkage with the next-nearest neighbor have stiffness k (2) = 753.53 N/m and rest length l0 = 82.55 mm
(McMaster-Carr product id: 9044k168), as reported by the manufacturer (https://www.mcmaster.com/9044k125
and https://www.mcmaster.com/9044k168). All the springs are stretched when the linkage is in its initial,
straight configuration, resulting in an initial force of 12.10 N and 13.14 N for the nearest-neighbor and
next-nearest-neighbor connections, respectively.
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B. Testing. In all our tests, we place the linkages in the straight configuration on a flat surface in the x − y

plane (note that gravity acts in the z direction), clamp their right end and apply a pulse in the y-direction
to left most link. We monitor the propagation of the excited transition waves with a high-speed camera
(SONY RX100) recording at 480 fps. To extract the required information from the recorded movies, we
use the open source Python image processing library OpenCV (1) and track the position of green markers
attached to the center of each bar. More specifically, we first use Morphological transformation of erosion
followed by dilation (i.e., morphologyEx) with a kernel size of 7 pixels to remove the noise in the image.
Then, we transform the image to gray color space, convolve the image with a normalized box filter of size 3,
and use thresholding to isolate the green pixels.
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Movie S1. Propagation of a transition wave in a bistable linkage with nearest neighbor
connections. the wave is initiated by applying a perturbation to the first bar characterized
(1)
by Uper /U0 = 0.5.
Movie S2. Propagation of a transition wave in a bistable linkage with nearest neighbor
connections. the wave is initiated by applying a perturbation to the first bar characterized
(1)
by Uper /U0 = 2.67.
Movie S3. Propagation of a transition wave in a bistable linkage with next-nearest neighbor
connections. the wave is initiated by applying a perturbation to the first bar characterized
(2)
by Uper /U0 = 0.47.
Movie S4. Propagation of a transition wave in a structure created by coupling two linkages
with next-to-nearest neighbor connections. The pulse transforms the initially flat structure
into a profile with changing concavity.
Movie S5. Propagation of a transition wave in a structure comprising four linkages characterized by d/L = 0.02 and Θ = π/10. The springs enable the transfer of the waves from one
linkage to the other and, ultimately, the deployment of the 3D dome-like structure.
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